ASYMPTOTIC STABILITY OF THE RELATIVISTIC 
BOLTZMANN EQUATION FOR THE SOFT POTENTIALS 



ROBERT M. STRAIN 



Abstract. In this paper it is shown that unique solutions to the relativistic 
Boltzmann equation exist for all time and decay with any polynomial rate 
towards their steady state relativistic Maxwellian provided that the initial 
data starts out sufficiently close in . If the initial data are continuous then 
so is the corresponding solution. We work in the case of a spatially periodic 
box. Conditions on the collision kernel are generic in the sense of 1181 ; this 
resolves the open question of global existence for the soft potentials. 
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1. Introduction 

The relativistic Boltzmann equation is a fundamental model for fast moving 
particles; it can be written with appropriate initial conditions as 

p»d fl F = C(F,F). 

The collision operator [U[9] is given by 

C(f,h) = U ~ [ [ Kw(p, q \p',<l')[f(p')h(Q')-mh(<l)}- 
1 JR3 Qo Jffi3 q Q J-gs p 

The transition rate, W(p, q\p', q'), can be expressed as 

W(p, q\p', q') = sa{g, 6)5^ (p" + q» - < - <), 

where a(g,9) is the differential cross-section or scattering kernel; it measures the 
interactions between particles. The speed of light is the physical constant denoted 



2000 Mathematics Subject Classification. Primary: 76P05; Secondary: 83A05. 
Key words and phrases. Relativity, Boltzmann, relativistic Maxwellian, stability. 
The authors research was partially supported by the NSF grant DMS-0901463. 



2 



ROBERT M. STRAIN 



c. Standard references in relativistic Kinetic theory include [8, 9 , 21, 48,154]. The 
rest of the notation is defined in the sequel. 

f.f. A Brief History of relativistic Kinetic Theory. Early results include 
those on derivations [40], local existence [3], and linearized solutions [14 ] [l"8 ] . 

DiPcrna-Lions renormalized weak solutions [13] were shown to exist in 1992 
by Dudyhski and Ekicl-Jezewska [19] globally in time for large data, using the 
causality of the relativistic Boltzmann equation [TH[T7] . See also Q][S7] and [STUB'S] . 
In particular [1] proves the strong L 1 convergence to a relativistic Maxwellian, 
after taking a subsequence, for weak solutions with large initial data that is not 
necessarily close to an equilibrium solution. There are also results in the context of 
local [7] and global [49] Newtonian limits, and near Vacuum results 22,35,49 and 
blow-up [5] for the gain term only. We also mention a study of the collision map 
and the pre-post collisional change of variables in [23]. For a more discussions of 
historical results, we refer to [49] . 

We review in more detail the results most closely related to those in this paper. In 
1993, Glassey and Strauss [24] proved for the first time global existence and unique- 
ness of smooth solutions which are initially close to a relativistic Maxwellian and 
in a periodic box. They also established exponential convergence to Maxwellian. 
Their assumptions on the differential cross-section, er, fell into the regime of "hard 
potentials" as discussed below. In 1995, they extended that result to the whole 
space case [20] where the convergence rate is polynomial. More recent results 
with reduced restrictions on the cross-section were proven in [36] , using the energy 
method from [2"9"H3"2"] ; these results also apply to the hard potentials. 

For relativistic interactions-when particles are fast moving-an important physi- 
cal regime is the "soft potentials" ; see [15] for a physical discussion. Despite their 
importance, prior to the results in this paper there were no existence results for 
the soft potentials in the context of strong nearby relativistic Maxwellian global 
solutions. In 1988 a general physical assumption was given in [18]; see (|2.7p and 
(|2.8|) . In this paper we will prove global existence of unique L°° near equilibrium 
solutions to the relativistic Boltzmann equation and rapid time decay under the 
full physical assumption on the cross-section from |18] . Our main focus is of course 
the soft potentials; and we do not require any angular cut-off. 

1.2. Notation. Prior to discussing our main results, we will now define the no- 
tation of the problem carefully. The momentum of a particle is denoted by 
/i = 0, 1, 2, 3. Let the signature of the metric be ( — h ++). Without loss of general- 
ity, we set the rest mass for each particle m = 1. The momentum for each particle 
is restricted to the mass shell p^p^ = — c 2 , with p° > 0. 

Further with p G M 3 , we may write p^ = (—p ,p) and similarly q^ = (—q°,q). 
Then the energy of a relativistic particle with momentum p is p° = y/c 2 + \p\ 2 . We 
will use the Lorenz inner product which is given by 
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Now the streaming term of the relativistic Boltzmann equation is 



P^dfj, = p d t + p ■ V 



ASYMPTOTIC STABILITY FOR SOFT POTENTIALS 



3 



Wc thus write the relativistic Boltzmann equation as 

(1.1) d t F +p ■ V X F = Q(F,F). 

Here Q(F, F) = C{F, F)/p , with C defined at the top of this paper. 

Above we consider F = F(t,x,p) to be a function of time t G [0,oo), space 
x G T 3 and momentum p£i 3 . The normalized velocity of a particle is denoted 

(1-2) P = c^= - P . 

Po V 1 + bl 2 /c 2 

Steady states of this model are the well known Jiittner solutions, also known as the 
relativistic Maxwellian. They are given by 

dof exp(-cp /(k B T)) 
J(P) - 



4TTckBTK 2 (c 2 /{k B T))' 

where K 2 {-) is the Bcssel function K 2 {z) = ^ e~ zt (t 2 — l) 3 / 2 dt, T is the tem- 
perature and k B is Boltzmann's constant. 

In the rest of this paper, without loss of generality but for the sake of simplicity, 
we will now normalize all physical constants to one, including the speed of light to 
c = 1 . So that in particular we denote the relativistic Maxwellian by 

p-Pa 

(1-3) J(P) = 

Henceforth wc let C, and sometimes c denote generic positive inessential constants 
whose value may change from line to line. 

Wc will now define the quantity s, which is the square of the energy in the "center 
of momentum" system, p + q = 0, as 

(1-4) a = -(p" + g*)(p„ + g„) = 2 (-p% + 1) > 0. 

The relative momentum is denoted 

(1-5) 9 = y/b* 1 ~ q^fa ~ q») = ^(-P^ - !)■ 

Notice that s = g 2 +4. We warn the reader that this notation, which is used in [5], 
may differ from other authors notation by a constant factor. 

Conservation of momentum and energy for elastic collisions is expressed as 

(1.6) p" + = p"' + (f ■ 
The angle 9 is defined by 

(1.7) cos^V-^-^W. 

This angle is well defined under (|1.6[) . see [2TJ Lemma 3.15.3]. 

We now consider the center of momentum expression for the collision operator 
below. An alternate expression for the collision operator was derived in [23]; see 
[4Ti] for an explanation of the connection between the expression from [2_3] and the 
one we give just now. One may use Lorentz transformations as described in [3] and 
[50] to reduce the delta functions and obtain 

(1.8) Q(f,h)= f dq f du J v a(g,e)[f(p / )h(q , )-f(p)h(q)}. 
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where v = v (p, q) is the M0ller velocity given by 
(1.9) 



v = V (p,q) 



p_ 
Po 



<1 
3o 



Po qa 



Poqo' 



The post-collisional momentum in the expression (|1.8[) can be written: 
P 



(1.10) 



^-+2( v - + (7-l)b + ?) TT ^ F 
' + 9 f / . / 1V . x (p + <?) • w 

9 = — -H w+(7 



where 7 = (po + Qo)/y/s- The energies are then 



(1.11) 



2V S 



q °> = P - 
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:W • (p + t?). 



2 2^5 

These clearly satisfy (| 1 . 6[) . The angle further satisfies cos 6* = fc • cj with fc = fc(p, g) 
and \k\ = 1. This is the expression for the collision operator that we will use. 
For a smooth function h(p) the collision operator satisfies 



/ 



By integrating the rclativistic Boltzmann equation ()1.1[) and using this identity we 
obtain the conservation of mass, momentum and energy for solutions as 



d 
dt 



[ dx [ dp ( p ) F(i) = 0. 

3 \po/ 



Furthermore the entropy of the relativistic Boltzmann equation is defined as 



H(t) 



/ dx / dp F(t,x,p)lnF(t,x,p). 

Jt 3 JtR3 



The celebrated Boltzmann H-Thcorem is then formally 

d 



H(t) > 0, 



which says that the entropy of solutions is increasing as time passes. Notice that 
the steady state relativistic Maxwcllians (|1.3|) maximize the entropy which formally 
implies convergence to (|1 .3[) in large time. It is this formal reasoning that our 
main results make mathematically rigorous in the context of perturbations of the 
relativistic Maxwellian for a general class of cross-sections. 



2. Statement of the Main Results 

We are now ready to discuss in detail our main results. We define the standard 
perturbation f(t,x,p) to the relativistic Maxwellian (|1.3[) as 

F = J + sflf. 
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With (|1.6j) we observe that the quadratic collision operator ()1.8[) satisfies 

Q(J, J) = 0. 

Then the relativistic Boltzmann equation for the perturbation / = f(t,x,p) 
takes the form 

(2.1) d t f+p-V x f + L(f)=T(f,f), f(0,x,p) = f (x, P ). 

The linear operator L(f), as defined in (|2.2[) . and the non-linear operator /), 
defined (|2.5[) . are derived from an expansion of the relativistic Boltzmann collision 
operator (|1.8[) . In particular, the linearized collision operator is given by 

(2.2) L(h) = -J- 1/2 Q(J, VJh) - J-^ 2 Q(Vlh, J) 

= v{p)h - K(h). 

Above the multiplication operator takes the form 

(2.3) u(p) = ( dq [ da: v <r(g,6) J(q). 

jk 3 Js 2 

The remaining integral operator is 

K(h) ^ f dq [ duj v a(g,8)^/j(qj{^J(4) h(p') + y / J(^) h(q')\ 
jb 3 Js 2 k ' 

(2.4) - / dq f du:v a(g,e) ^J{q)J{p) h{q) 

jk 3 Js 2 

= K 2 (h)-K\(h). 
The non-linear part of the collision operator is defined as 

(2.5) T(h u h 2 ) = J- 1 / 2 Q(^Jh 1 ,VJh 2 ) 



dq / du v a(g,9) V^M^'M*/) - hi(p)h 2 (q)]. 
Js 2 

Without loss of generality we can assume that the mass, momentum, and energy 
conservation laws for the perturbation, f(t,x,p), hold for all t > as 

1 



T 3 



(2.6) / dx / dp | p ) y/jtfj f(t,x,p)=0. 



We now state our conditions on the collisional cross-section. 

Hypothesis on the collision kernel: For soft potentials we assume the collision 
kernel in (|1.8p satisfies the following growth/decay estimates 



(2.7) 



c r (fl , ,w) < g b cr (w), 



We a/so consider angular factors such that o"o(w) < sin 7 wii/i 7 > —2. Addi- 
tionally <7q(lu) > and o"o(w) should be non-zero on a set of positive measure. We 
suppose further that < b < min(4,4 + 7). 
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For hard potentials we make the assumption 

°-(g,u)<{g a + g- b ) *<>(«)> 



(2.8) 



a 



a{g,u)> -2= )g a a (co) 



In addition to the previous parameter ranges we consider < a < 2 + 7 and also 
< b < min(4, 4 + 7) (in this case we allow the possibility of b = 0). 

This hypothesis includes the full range of conditions which were introduced in [T5] 
as a general physical assumption on the kernel (of course we add the corresponding 
necessary lower bound in each case); see also [TS| for further discussions. 

Prior to stating our main theorem, we will need to introduce the following mostly 
standard notation. The notation A < B will imply that a positive constant C 
exists such that A < CB holds uniformly over the range of parameters which are 
present in the inequality and moreover that the precise magnitude of the constant 
is unimportant. The notation B > A is equivalent to A < B, and 4«B means 
that both A < B and B < A. We work with the L°° norm 

Halloo = f css su P;reT 3, pm3 \h{x,p)\. 
If we only wish to take the supremum in the momentum variables we write 

\h\oo = ess sup peR3 |/i(p)|. 
We will additionally use the following standard L 2 spaces 




\h\ 2 d =\l I dp\h( P w 

Similarly in the sequel any norm represented by one set of lines instead of two 
only takes into account the momentum variables. Next we define the norm which 
measures the (very weak) "dissipation" of the linear operator 




dp v(p)\h(x,p)\- 



The L 2 (R n ) inner product is denoted (-, •). We use (•, •) to denote the L 2 (T l x W n ) 
inner product. Now, for I 6 M, we define the following weight function 



(2.9) w e = wAp) = I pf ° b/2 > for the soft potentials: ^ 

\ Pq, for the hard potentials: (|2.8|) . 



For the soft potentials Wi(p) ~ l/u(p) (Xemma l3.ip . We consider weighted spaces 

] I 7 1 1 dcf 1 v 1 I. 1 dcf 1 1 in ii I def 



00,. 



|^/i||oo, \\h\\ 2 ,i = \\weh\\ 2 , \\h\\u,i = \\w e h\\ v . 



Here as usual L£°(T 3 x R 3 ) is the Banach space with norm || ■ \\oo.e etc. We will 
also use the momentum only counterparts of these spaces 

\h\oo,e == \mh\oo, \h\ 2 ,e d = \wth\ 2 , \h\ u ,e = f \w e h\ u . 
We further need the following time decay norm 

(2.10) |||/||| M d = f SUp(l + S )' £ ||/( S )||oo,£. 

s>0 
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We are now ready to state our main results. We will first state our theorem for the 
soft potentials which is the main focus of this paper: 

Theorem 2.1. (Soft Potential) Fix £ > 3/6. Given f = fo(x,p) £ L£°(T 3 x M 3 ) 
which satisfies ()2.6[) initially. There is an r\ > such that if \\fa\\oo,£ < ?7, then 
there exists a unique global mild solution, f = f(t,x,p), to equation (|2.ip with soft 
potential kernel l|2.7[) . For any k > 0, there is a k' = k'(k) > such that 

These solutions are continuous if it is so initially. We further have positivity, i.e. 
F = f x + ^jIf>0ifF o = f i + VM/o > 0. 

We point out that k'(Q) = in the above theorem, and k'(k) > k can in general 
be computed explicitly from our proof. Our approach also applies to the hard 
potentials and in that case we state the following theorem which can be proven 
using the same methods. 

Theorem 2.2. (Hard Potential) Fix £ > 3/2. Given f = f Q (x,p) G Lf(T 3 x K 3 ) 
which satisfies (|2.6[) initially. There is an r\ > such that if \\fo\\oo,i < V> then 
there exists a unique global mild solution, f = f(t,x,p), to equation (|2.1[) with hard 
potential kernel (|2.8p which further satisfies for some A > that 

\\f\Ui(t)<Cie- xt \\f \Ue- 

These solutions are continuous if it is so initially. We further have positivity, i.e. 
F = n + y/Uf > ifF Q = n + VM/o > 0. 

Previous results for the hard potentials arc as follows. In 1993 Glassey and 
Strauss [21] proved asymptotic stability such as Theorem 12.21 in Lf° with £ > 3/2. 
They consider collisional cross-sections which satisfy (|2.8|) for the parameters b £ 
[0, 1/2), a e [0, 2 - 2b) and cither 7 > or 

• L 1 ,2-26- 
|7| < mm <2-a,--b, 

which in particular implies 7>— ^ if 6 = say. They further assume a related 

growth bound on the derivative of the cross-section ^ . In [35] this growth bound 

was removed while the rest of the assumptions on the cross-section from [24] re- 
mained the same. These results also sometimes work in smoother function spaces, 
and we note that we could also include space-time regularity to our solutions spaces. 

However for the relativistic Boltzmann equation in (|1.1|) the issue of adding mo- 
mentum derivatives is more challenging. In recent years many new tools have been 
developed to solve these problems. A method was developed in non-relativistic 
kinetic theory to study the soft potential Boltzmann equation with angular cut-off 
by Guo in [30] . This approach makes crucial use of the momentum derivatives, and 
Sobolcv embeddings to control the singular kernel of the collision operator. Yet in 
the context of relativistic interactions, high derivatives of the post-collisional vari- 
ables (jl.lOp create additional high singularities which are hard to control. Worse in 
the more common relativistic variables from [24] , derivatives of the post-collisional 
momentum exhibit enough momentum growth to preclude hope of applying the 
method from [30] : these growth estimates on the derivatives were known much 
earlier in 1231. 
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Notice also that the methods for proving time decay, such as [10,52,53], require 
working in the context of smooth solutions. We would also like to mention recent 
developments on Landau Damping |44j proving exponential decay with analytic 
regularity. Furthermore we point out very recent results proving rapid time decay 
of smooth perturbative solutions to the Newtonian Boltzmann equation without 
the Grad angular cut-off assumption as in |25H27j . In this paper however we avoid 
smooth function spaces in particular because of the aforementioned problem created 
by the relativistic post-collisional momentum. Other recent work |33j developed a 
framework to study near Maxwellian boundary value problems for the hard poten- 
tial Newtonian Boltzmann equation in Lf. In particular a key component of this 
analysis was to consider solutions to the Boltzmann equation (|2.1|) after lineariza- 
tion as 

(2.11) (dt+P- V x + L)f = 0, f(0,x,p) = f (x,p), 

with L defined in (|2.2j) . The semi-group for this equation (relativistic or not) will 
satisfy a certain 'A-Smoothing property' which was pioneered by Vidav [56] about 
40 years ago. This A- Smoothing property which appears at the level of the second 
iterate of the semi-group, as seen below in (|4.4[) . has been employed effectively for 
instance in [21j[24,33,34]. Related to this a new compactness connected to a similar 
iteration has been observed in the 'mixing lemma' of |41H43| . The key new step in 
[33] was to estimate the second iterate in L 2 rather than L°° and then use a linear 
decay theory in L 2 which does not require regularity and is exponential for the hard 
potentials case that paper considered. Note further that a method was developed in 
|52il53j to prove rapid polynomial decay for the soft potential Newtonian Boltzmann 
and Landau equations; this is related to the articles [5,6, 10,55 , all of which make 
use of smooth function spaces. 

In the present work we adapt the method from [53] to prove rapid L 2 polynomial 
decay of solutions to the linear equation (]2.11[) without regularity and we further 
adapt the L 2 estimate from [33] to control the second iterate. This approach, for 
the soft potentials in particular, yields global bounds and slow decay, 0(1/ 1), of 
solutions to (]2.1ip in Uf . The details and complexity of this program are however 
intricate in the relativistic setting. And fortunately, this slow decay is sufficient to 
just barely control the nonlinearity and prove global existence to the full non-linear 
problem as in Theorem 12.11 

It is not clear how to apply the above methods to establish the rapid "almost 
exponential" polynomial decay from Theorem 12. II in this low regularity Uf frame- 
work. To prove the rapid decay in Theorem 12. II our key contribution is to perform 
a new high order expansion of the remainder term, R\(f), from (|4.15[) . This is con- 
tained in Proposition ^. II and its proof. This term, i?i(/), is the crucial problematic 
term which only appears to exhibit first order decay. 

More generally, the main difficulty with proving rapid decay for the soft poten- 
tials is created by the high momentum values, where the time decay is diluted by 
the momentum decay. This results in the generation of additional weights, typi- 
cally one weight for each order of time decay. At the same time the term Ri(f) 
only allows us to absorb one weight, w\(p), and therefore only appears to allow one 
order of time decay. In our proof of Proposition 16.11 we are able to overcome this 
apparent obstruction by performing a new high order expansion for k > 2 as 

Rk(f) = G k (f) + D k (f) + N k (f) + L k (f) + R k+1 (f). 
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(The expansion from Ri(f) to i?2(/) requires a slightly different approach.) At 
every level of this expansion we can peel of each of the terms Gk{f), Dk(f), Nk(f), 
and Lk(f) which will for distinct reasons exhibit rapid polynomial decay to any 
order. In particular we use an L\ estimate for Lk(f) which crucially makes use of 
the bounded velocities that come with special relativity. On the other hand the last 
term i?fc + i(/) will be able to absorb k + 1 momentum weights, and therefore it will 
be able to produce time decay up to the order k + 1. By continuing this expansion 
to any finite order, we are able to prove rapid polynomial decay. We hope that this 
expansion will be useful in other relativistic contexts. 

The rest of this paper is organized as follows. In Section [3] we prove L\ decay of 
solutions to the linearized relativistic Boltzmann equation (|2.11j) . Then in Section 
2] we prove global bounds and slow decay of solutions to (|2.11[) . Following 
that in Section [5] we prove nonlinear Lf bounds using the slow linear decay, and 
we thereby conclude global existence. In the remaining Sections [5] and [7] we prove 
linear and non-linear rapid decay respectively. Then in the Appendix we give an 
exposition of a derivation of the kernel of the compact part of the linear operator 
from ([HP . 



It is our purpose in this section to prove global in time L\ bounds for solutions 
to the linearized Boltzmann equation (|2.11[) with initial data in the same space 
L\. Wc will then prove high order, almost exponential decay for these solutions. 
We begin by stating a few important lemmas, and then we use them to prove the 
desired integral bounds (|3.5|) and the decay it implies in Theorem 13.71 We will 
prove these lemmas at the end of the section. 

Lemma 3.1. Consider (|2.3p with the soft potential collision kernel (|2.7[) . Then 

Hp) ~Pa b/2 - 

More generally, J R3 dq J g2 duj v a(g, 6) J a (q) ~ p b ^ 2 for any a > 0. 

We will next look at the "compact" part of the linear operator K. The most 
difficult part is K% from (|2.4[) . We will employ a splitting to cut out the singularity. 
The new element of this splitting is the Lorentz invariant argument: g. Given a 
small e > 0, choose a smooth cut-off function x = satisfying 



Define K\~ x (h) similarly. We use the splitting K = f K 1 ~ x + K x . A splitting with 
the same goals has been previously used for the Newtonian Boltzmann equation 
in [53]. The advantage for soft potentials, on the singular region, is that one has 
exponential decay in all momentum variables. Then on the region away from the 
singularity we are able to extract a modicum of extra decay which is sufficient for 
the rest of the estimates in this paper, see Lemma l3~2"1 iust below. 



3. Linear L 2 Bounds and Decay 



(3.1) 




Now with (|3~1) and ([2T3]) we define 



(3.2) 
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In the sequel we will use the Hilbert-Schmidt form for the non-singular part. 
The following representation is derived in the Appendix: 

Kf{h)= f dqkf(p,q) h(q), i=l,2. 

We will also record the kernel kf(p,q) below in Q3.9P and p.lOp . We have 
Lemma 3.2. Consider the soft potentials l|2.7|) . The kernel enjoys the estimate 

< k*(p, q) < C x ( P oqor C (Po + qoV b/2 e- c|p " 91 , C x , c> 0, 
with £ = min {2 — I71, 4 — 6, 2} /4 > 0. This estimate also holds for k\. 

We remark that for certain ranges of the parameters 7 and b the decay in Lemma 
13.21 could be improved somewhat. In particular the term k* in Q3.9p clearly yields 
exponential decay. However what is written above is sufficient for our purposes. 

We will use the decomposition given above and the decay of the kernels in Lemma 
13.21 to establish the following lemma. 

Lemma 3.3. Fix any small r\ > 0, we may decompose K from (|2.4[) as 

K = K C + K S , 

where K c is a compact operator on l? v . In particular for any £ > 0, and for some 
R = R(r)) > sufficiently large we have 

\{ w 2 t K c h u h 2 )\ < cyi<K/ii| 2 |i<fl/i 2 | 2 . 

Above 1<r is the indicator function of the ball of radius R. Furthermore 

\{wjK s hiM)\ < v\hx\ vA \H v ,i- 

This estimate will be important for proving the coercivity of the linearized col- 
lision operator, L, away from its null space. More generally, from the H-theorem 
L is non-negative and for every fixed (t, x) the null space of L is given by the five 
dimensional space |21j : 

(3.3) N = f span j VJ, pi VJ, p 2 VJ,P3y/j,poy/j\ . 

We define the orthogonal projection from L 2 (IR 3 ) onto the null space J\f by P. 
Further expand P/i as a linear combination of the basis in (|3.3|) : 

(3.4) Ph = ia h (t, + b J (*' x )Pi + ch ^' X ^P° l 

We can then decompose f(t,x,p) as 

/ = Pf + {I - P}f. 
With this decomposition we have 

Lemma 3.4. L > 0. Lh = if and only if h = Ph. And 3Sq > such that 

(Lh,h)>5 \{I-P}h\l 

This last statement on coercivity holds as an operator inequality at the functional 
level. The following lemma is a well-known statement of the linearized H- Theorem 
for solutions to (|2.1ip which was shown in the non-relativistic case in [35] . 
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Lemma 3.5. Given initial data fo G L| (T 3 x IR 3 ) for some £ > 0, which satisfies 
(|2.6|) initially. Consider the corresponding solution, f , to (|2.11j) in the sense of 
distributions. Then there is a universal constant S u > such that 



f ds ||{I-P}/||*(*)><f„ [ ds ||P/| 
Jo Jo 



lis)- 



We will give just one more operator level inequality. 
Lemma 3.6. Given 5 G (0, 1) and £>0, there are constants C, R > such that 

{wjLh,h)>5\h\lj-C\l< R h\l 



Notice that Lemma [3.61 follows easily from Lemma [3.31 With these results, we 
can prove the following energy inequality for any I > 0: 



(3-5) ||/||a,/(t) + <W ^H/ll^(s)<C/ll/o|l2,<, BS t ,C t >0, 

Jo 

as long as \\f0W2 1 is finite. We will prove this first for £ = 0, and then for arbitrary 
£ > 0. In the first case we multiply (|2.11[) with / and integrate to obtain 



||/||^)+ / ds (£/,/) = ||» 
Jo 

First suppose that t & {1,2, . . .}. By Lemma f3T4l we have 
r t t-i .1 t-i .1 



/ ds(LfJ)=J2f ds(Lf,f)(s+j)>J2So [ ds\\{I-P}f\\l(s+j) 
Jo j=Q Jo j=Q Jo 

= |E f ds\\{l-V}f\\l( S+] ) + ^Y j f ds ||{I-P}/||»(- + i). 

'J=0 3=0 J ° 



3=0 " J 

Then by Lemma 13.51 the second term above satisfies the lower bound 

|]T f ds ||{I-P}/||^ +J )>^E f ds ||P/||»(. + j). 

This follows in particular because fj(s, x, v) = f f(s + j, x,p) satisfies the linearized 
Boltzmann equation (|2 . 1 1 1) on the interval < s < 1. Collecting the previous two 
estimates yields 

f ds (£/,/) >^]T f da\\{l-V}ff v {a + j) 
Jo L j=0 Jo 

£ f ds \\Pf\\l{ S + j) 

>SJ2 f ds\\f\\l(s + j) = ~S f ds\\f\\l{s), 

„_n JO JO 



5q8 v * 
2 



3=0- 



with 6 = \ min {^pS ^} > 0. Plugging this estimate into the last one establishes 
the energy inequality (|3.5p for £ = and t <G {1,2,...}. For an arbitrary t > 0, we 



12 



ROBERT M. STRAIN 



choose m £ {0, 1, 2, ... } such that m < t < m + 1. We then split the time integral 
as [0,t] = [0, m] U [m,i]. For the time interval [m,t] we have 



(3-6) \\f(t)\\i+ / ds(LfJ) = \\f(mm. 

J rn 

Since L > by Lemma [3~4l we see that ||/(£)||2 < Il/( m )ll2- We then have 

/•t ? pin 

\\f\\l(t)+ ds(Lf,f) + - ds\\f\\l( s )<C k \\f \\l 

Jm z JO 

Furthermore with Lemma 13.61 for C$ > independent of t we obtain 
(3.7) / ds (Lf,f) >S f ds \\f\\l(s)-C s [ ds ||l< fl /|||(a) 



>6 / ds \\f\\l(s)-C 5 sup ||/||1( S ). 

Jm m<s<t 

However we have already shown that sup m<s<t ||/|||(s) < H/HK 771 ) < Cll/olll- 
Collecting the last few estimates for any t > we have (|3 . 5[) for I = 0. 

For £ > 0, we multiply the equation (|2.1ip with voff and integrate to obtain 

\\f\\Ut)+ f ds (wjLf,f) = \\f \\l,. 



In this case using Lemma 13.61 we have 

ds (wjLfJ) >S [ ds \\f\\l e (s) - C s ,i ds \\f\\i{s). 



Adding this estimate to the line above it, we obtain 



(t) + s ds WfWlAs) < n/ollL + C s ,t / ds \\f\\l(s) 



ll/lli, 

Now the just proven integral inequality (|3.5p in the case £ = (as an upper bound 
for the integral on the right hand side) establishes the claimed energy inequality 
(|3.5j) for any £ > 0. In fact we prove a more general time decay version of this 
inequality in t)3.5 1[) . These will imply the following rapid decay theorem. 

Theorem 3.7. Consider a solution f(t,x,p) to the linear Boltzmann equation 
\2.11\) with data ||/o||2,^+fc < oo for some £, k > 0. Then 

\\fhM<ci.k^+tr k \\hhj+ k . 

This allows "almost exponential" polynomial decay of any order. 

Theorem 13. 71 is the main result of this section. We now proceed to prove each of 
Lemma 13. li Lemma 13 . 21 Lemma 13.31 Lemma 13.41 Lemma 13.51 and then Theorem 
13.71 in order. These proofs will complete this section on linear decay. 



Proof of Lemma \3.1[ We will use the soft potential hypothesis for the collision 
kernel (|2.7[) to estimate (|2.3p . For a > we more generally consider 



Va(p) = I dq v J a (q) 



f d9 a(g,9) sin 6. 
Jo 
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Initially we record the following pointwise estimates 
(3.8) ^-A < g < ( } P ZA 

see [24l Lemma 3.1]. However notice that in [24] their "g" is actually defined to be 
2 times our "g" . With the M0ller velocity (|1.9|) , we thus also have 

s = 4 + .g 2 < p q , v <l. 

For 6 £ (1,4), these estimates including (|3.8[) yield 

p g ' ~ po?o ~ b-g| b_1 

We thus obtain 

\(6-2)/2 



"a(p) </<*<? ^ 0g0) , 6 i J Q (?) ^ sin 1+ ^ 



\p-q 



s (f>-2)/2 1-6 ^ -6/2 



We note that the angular integral is finite since 7 > — 2: 

d0 sin 1+7 6> = CL < 00. 



In this case above and the cases below a key point is that 

J a '\q) _ f3 

q ]p~W Po ' p 

For b £ (0, 1), with (I3.8P we alternatively have 

-b Vs i- b < {Poqo) {1 ~ b)/2 < f ,-6/ 2 

V0 9 = 9 < == < Po<7o 1 ■ 

Po9o \/Po9o 

Now in a slightly easier way than for the previous case we have v a (p) < p fa ^ 2 . 
For the lower bound with b £ (2, 4), we use (|2.7[) . (|3.8p and the estimate 

V s / Pogo Po<7o 



Alternatively for & G (0, 2), we use (|3.8[) to get the estimate 

v, U) 9 - b = 9 —>— fe^T « (p 090 )^/ 2 b- S i 2 - b . 

We use these estimates to obtain v a {p) ^ as f° r ^ ne u PP er bound. □ 



Now that the proof of Lemma 13.11 is complete, we develop the necessary formu- 
lation for the proof of Lemma 13.21 It is trivial to write the Hilbcrt-Schmidt form 
for the cut-off (f3TT|) part of K\ from (|2~4|) as 



(3.9) fc*(p, q) = VJ(q)J(p) X(g) / cIlj v a(g, 



s 2 
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Furthermore, we can write the Hilbert-Schmidt form for the cut-off (|3.1[) part of 
K 2 from (|2.4|) in the following somewhat complicated integral form 

3/2 roo / 

(3.10) k*{p,q)=c 2 X (g) / *e-'^J » ^ 

gpoqo Jo v sin (' ! /'/2) 



y (1 + Vi + y 2 ) 
— r/TT^ — /o 



v/i-i-i/ 

Here C2 > 0, and the modified Bessel function of index zero is defined by 

r2ir 



(jy)- 



(3.11) W-s/ 

We are also using the simplifying notation 

V2g 



(3.12) sin(^/2) = 



[.g 2 -4+(.g 2 +4) v /TT^] 1 /2- 
Additionally 

; ( , wo • \P x l\ 

9 

This derivation for a pure k 2 operator appears to go back to [2[Tl], where it was 
done in the case of the alternate linearization F = J(l + /). The author gave a 
similar derivation with many details explained in full in |50j , including the explicit 
form of the necessary Lorentz transformation; in particular equation (5.51) in this 
thesis. For the benefit of the reader, we have provided the derivation of k 2 in the 
case of the linearization F = J + yJf in the appendix to this paper. 

Note that it is elementary to verify that (|3.9[) under (|2.7p satisfies the estimate 
in Lemma l3~2l In the proof below we focus on the more involved estimate for (|3.10[) . 



Proof of Lemma \3.2X We consider K 2 from (|2.4p with Hilbert-Schmidt form repre- 
sented by the kernel (|3 . 10|) . From (|2.7[) . we have the bound 



(3.13) a 



9 



We have just used the trigonometric identity 

sm.il) = 2 sin (ip/2) cos (ip/2) . 

We estimate these angles in three cases. In each of the cases below we will repeatedly 
use the following known [24[ p. 317] estimates 

(3.14) - 7 JL= <cos(W2)<l. 

2yjl + y 2 

The estimates above and below are proved for instance in |241 Lemma 3.1]: 

1 ^ sm(ip/2) ^ 1 

(3.15) < < 



V3(l + y2)l/4~ g ~ fl(1 + ff 2)l/4' 
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Notice that in general from (|3.10|) and (|3.13[) we have the bound 



s 3/2 



(3.16) k*(p, q )<^g~< X (g) dy e- l V^yI ( jy ) 

gpoqo 



KVI ' ' cos 7 (i/j/2) . 



We will estimate this upper bound in three cases. 

Case 1. Take 7 = — |7| < and b + 7 = b — \j\ < 0. Then we have 

S inW>/2)V + \^,, /0 , , , 6 _ HV2 / 1 \ b ~ M / y V' 7 ' 



1/4 

< s -(6-|7l)/2 y -|7ln + y 2x-(6-3|-y|)/4 

< g-(b-\-r\)/2 y -h\n + 2/ 2^-(6+3 7 )/4_ 

Above we have used (|3.14p and (|3.15[) . In this case from (|3.16[) we have 

3/2 -C6-I7D/2 



fc 2 x (p,9) < — j-r— x(s) / d» e- i vW 2/ i+7 /o(jy)(1 +tf 2)-(6+3 7 )/4 



gpoqo g hl 

(3+| 7 |-6)/2 



< C e ^ X (9) / ^ e-'v / ^yl-|7l /oC?2/)(1 + y 2 r (6-3| 7 |)/4_ 

PoQo Jo 

Note that we have just used the e > from (f3~Tj) . From (f2~7)) , 6 G (0,4 - I7Q and 
7 G (-2, 0). We have in this case b G (0, 17I). Hence b - 3 j-yj G (-6, 0). 
We evaluate the relevant integral above as 

/>oo />1 />oo 

(3.17) / ^ e -'v / ^y 1 -l7l /o0 - 2/)(1 + y 2 ) ( 3 | 7 |- & )/4 = / dy 



pi poo 

< / dy e- l V^yl-\y\l Q (jy) + / dy e - l V^yI (jy)(l + y*)(h\-»/\ 



For the unbounded integral we have used the estimate y~ hl < (1 + y 2 )~ 2|7l/4 . In 
this case [-y| — 6 G (0, 2) since <b < 

To estimate the remaining integrals above we use the precise theory of special 
functions, see e.g. [321113 • We define 

roo 

K a (l,j) d = f / dy e- l S^yI (jy)(l + y 2 ) a '\ 



Then for a G [—2, 2] from [3H Corollary 1 and Corollary 2] it is known that 
(3.18) K a (l,j) < cji+«/2 e -cb-< 

We also define 

I v (l,j)= I dye- l V^ y ^I (jy). 
Jo 

Then for 77 G [0,2) from [241 Lemma 3.6] we have the asymptotic estimate 



(3.19) 1,(1, j) < Ce- ^-^ < Ce- c l p -«l/ 2 . 

We will use these estimates in each of the cases below. 

Thus in this Case 1 by (|3~1"9|) an d (f3~T8|) the integral in (|3~T7)) is 

< e -c\p-q\/2 + l l+(h\-b)/2 e -\p-q\/2 < ? l + (| 7 |-&)/2 e -c|p- 9 |/2_ 
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We may collect the last few estimates together to obtain 

A£(p, g) < C e - x(9) (Po + g ) 1+(l7h6)/2 e^"^ 2 . 

Po?o 

Note that for any feMwe have 

s ^ e -c|p-<r|/2 < Q e -c|p-«|/4_ 

This follows trivially from (|3.8[) and s = 4 + g 2 <4+|p — g| 2 . Furthermore, for any 
£ £ [0, 2], we daim the following estimate 

(3.20) (Po + go)' e - e | p - g | /4 < (po^^/a-i g-clp-,1/8. 

Po<7o 

Using (|3.20j) with £ = 1 + |7|/2, in this Case 1, we have the general estimate 

k*( P , q ) < a (vW 7 ' 72 " 1 (po + 9o)" b/2 e - c|p - 91 . 

This is the desired estimate in the current range of exponents for Case 1. 
Before moving on to the next case, we establish the claim. Suppose that 

^M<bl<2|<z|. 

In this case (|3.20p is obvious. If ^\q\ > \p\, then we have 

(3-21) \p-q\>\q\-\p\>\\q\. 
Whence 

(PQ + gof e -cb- g |/4 < c ,yl e - c |p- 9 |/8 e -c| 9 |/64_ 

Po<7o 

In the last splitting \p\ > 2\q\, then we alternatively have 

(3-22) \p-q\>\p\-\q\>\\p\- 
Similarly in this situation 

(po + go) c _ e | p _ q |/ 4 < ^ (poqo)" 1 e -c|;p-q|/8 e - C |p|/64_ 

Po9o 

These last two stronger estimates establish (|3 . 20|) . We move on to the next case. 
Case 2. We still consider 7 = — I7I < but now b + 7 = b — \j\ > 0. We have 



fc+ 7 f xb-|7l/ \" 171 

OT , W2) < 9 -^,(_ 7I ) 

< ^-(i-lTDy-Wn + y 2^(fc-3| 7 |)/4 

<C e y-H(l + tf 2)-(6-3H)/* 

We have used g > e on the support of x(<?) in (j3.1[) . We also used (|3.14p and (|3.15p . 
Then again from p,16j) we have 

„3/2 /-oc 

fc*(p,g) < C e — / dy e-'V^y^l-rlJo^Cl + jfyV-zhW. 



Po9o Jo 

From (|2.7p . we have in this case that 7 € (—2,0) and b £ [\^\ ,4 — I7I). Hence for 
the exponent above b — 3 |-y | £ (—4, 4). 
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Then the relevant integral above is bounded by 



dy e-'vW y i-l7l /o(jy)(1 + y 2 r (6-3| 7 |)/4 = dy + dy 



< J dy e- l V^yi-h\l (jy) + dy e- ^ ^ /I +^Vo(jy)(l + ^)(M-»)/ 4 . 

Here we used the same estimates as in Case 1. In this case | --y | — b € (—4,0). Let 
C2 = max(— 2, 17I — b). Then in this case by (|3.19[) and (|3.18[) the above is 

< Ce" c|p_9l/2 + CT 1+C2/2 e" |p_Q,|/2 < C7 1+£2/2 e _c|p_9l/2 . 

We may collect the last few estimates together to obtain 

k x M < Ce —(p + qQ ) 1+ ^ 2 e-^-^ < Ce (Po + go) 1+C2/2 e -c|p- g |/4, 
Poqo Poqo 

We will further estimate the quotient. 

If £ 2 = | 7 | - b then 1 + | 7 |/2 G [1, 2) and (|3~2H)) implies 

IPP + gQj e -c|p-g|/4 = iPO + gQ) fo, + q() yb/2 e -c\p-q\/4 

Poqo Poqo 

<(poqo) ihl ~ 2)/ Upo + qo)- b/2 e-^-^. 
Alternatively, if ( 2 = -2 then 1 + ( 2 /2 = and (|3~2H)) implies 

(gO +go) 1+C2/2 c _ c | 1J - q |/4 = (PQ + go) b/2 ( po + qQ yb/2 e -c\p-q\/4 

Poqo Poqo 

<(poqo) (b - A)/i {po + qoT b/2 e-^l\ 

In either situation 

k*(p, q) < C t (poqo)^ (PO + qoT b/2 e^^/ 8 , 

with C = f min {2 - | 7 |, 4 - b} /4 > 0. 

Case 3. In this last case 7 = | 7 | > and b + 7 > 0. From ([3~T4]) and ([3TT5]) : 

< ff -(6+l7l)( 1 + 2/ 2x-(6+| 7 |)/4 

<C £ (l + y 2 )- (b+ ^)/ 4 . 

We have again used g > e on the support of x(<?) in (|3.1D . In this case from (|3.16[) 
we have 

,3/2 „M /- 00 



*£(p,g) < C £ ^^- / dy e- l ^yI {jy){l+y 2 )-^'\ 

poqo Jo 

From (HI3), 6 e [0, 4) and b + | 7 | e [0, 4 + | 7 |). Let C 3 = min(2, b + | 7 |) > 0. 
Again using (|3.18[) we have 



dy e- l ^+^yl (jy)(l + y 2 )- {b+hl)/4 < Cl^^e^-^ 2 . 
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Hence 

fcXfog) < Ce f!^ (po + (Zo ) 1 -C3/2 e -c| P - 9 |/2 < ^ (Po + qo) 1 -^ 2 e - e |p-,|/4 
Po<7o Po9o 
If (3 = 2 this estimate can be handled exactly as in Case 2. If £3 = b+ \ 

, , sl-Cs/2 / , si— |-y|/2 

(PO + go) c -c| P - g |/4 = (PO + go) ^ Q + qo yb/2 e -c\ P - g \/4 

PoQo PaQo 



< 



(po + qo) 



(po + q r b/2 e-^-^ 



Poqo 

<(poqoy 1/2 (po + qor b/2 e-^ 16 . 



We have again used the estimate f|3 . 20[) . In all of the cases we see that k\ (p, q) 
satisfies the claimed bound from Lemma l3.2l with ( = min {2 — \ j\,4 — b,2} /4 > 0. 
We could obtain a larger £ in Case 3 if it was needed. □ 



With the estimate for the Hilbert-Schmidt form just proven in Lemma 13.21 we 
will now prove the decomposition from Lemma [ 



Proof of Lemma\KM We recall the splitting K = K 1 ~ x + K x from (j33]t . For K x 
we have the kernel k x = k% — k\ from (|3.9|) and (|3.10p . For a given R > 1, choose 
another smooth cut-off function <j> R = <p R (p, q) satisfying 

(3.23) fo = l, if \ P \ + \q\ < R/2, \<f> R \<l, 

supp(fo) C {(p,q)\ \p\ + \q\ <R}. 

We will use this cut-off with several different i?'s in the cases below. Now we split 
the kernels k x (p,q) of the operator K x into 

k x (p,q) = k x (p,q)<p R (p,q) + k x (I - <p R ) 
= k x (p, q) + k x (p, q). 

We further define 

where K x (h) = J R3 dq k x (p, q) h(q). Then the compact part is given by 

K C = K X 7 

where K x (h) = f J R3 dq k x {p, q) h(q). Note that the compactness of K c (h) is evident 
from the integrability of the kernel. In the following we will show that the operators 
K c and K s satisfy the estimates claimed in Lemma 13.31 

First off, for K c , from the Cauchy- Schwartz inequality wc have 

\{wjK c {hi),h2)\< f dq [ dpw 2 (p) |*?(p,9)||/n(«)ft2(p)| 
ii 3 it 3 

< ^ dqdpw 2 £ (p)\k x (p,q)\ Mq)^ 

\ 1/2 

dqdpw 2 e (p)\k x (p,q)\\h 2 (p)\ 2 ) . 
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From the definition of k x (p, q) and Lemma I3.2[ we see that 

w 2 (p) \k x {p,q)\ < C R e- c IP-"l l< fl (p) l< R (q), 

where 1<r is the indicator function of the ball of radius R centered at the origin 
as defined in Lemma 13.31 By combining the last few estimates we clearly have the 
claimed estimate for K c from Lemma 13.31 

In the remainder of this proof we estimate K s = K 1 ^ x + K]f. For K x we have 

\{wlK^{hx)M)\< [ dq [ dpwjip) |A?(p,g)| \hi{q)h2(p)\. 
jr 3 Jr 3 

With the definition of k x (p, q) and Lemma 13.21 we obtain 

w 2 {p) \k x (p,q)\ = w 2 {p) \kX(p,q)\ (1 - 4>r) < ^ (po + qo)' b/2 e~ c ^, 
Furthermore, we claim that 

(3.24) iof(p)e- c l p - ? l < w e (p)w e {q)e- c ^- q ^ 2 . 

By combining the last few estimates including (|3.24p , with Lemma 13.11 we have 

1 f f e ~ c \p-i\ 
\(w e Kf{h 1 ),h 2 ) < — t / dq / dp w e (p)w e (q) -rjj \h 1 (q)h 2 {p)\ 

< \hi\ u j\h 2 \u,e 
~ RC ' 

Since ( > we conclude our estimate here by choosing R > sufficiently large. 
Notice that the size of this R above clearly depends upon e > from (|3.ip . 

To prove the claim in (|3.24j) , we use the same general strategy which was used 
to prove (|3.20[) . Indeed, if ^\q\ > \p\ then because of (|3.21[) we have 

w 2 (p)e- c ^/ 2 e- c ^-^ 2 < w 2 (q)e- c ^ 4 e- c \P-^ 2 < C e e~ c ^/ 2 , 
which is better than (|3.24p . Alternatively if \p\ > 2\q\, then with (|3.22p we have 
w 2 {p)e- c \v-i\l 2 e- c ^l 2 < W 2(p) e - c IPl/4 e -c|p-?|/2 < Qe - c | P - 9 |/2_ 

The only remaining case is < \p\ < 2\q\ for which the estimate (|3.24p is obvious. 
The last term to estimate is K x ~ x = K 2 ~ x — K 1 ~ x . Notice that 

K{- X (h)= [ dqkl- x (p,q) h(q), 
Jr 3 

where from (pPj) and (|3T|) 

k{- x (p,q) = (l-x(g)) VJ(q)Jip) I du v a(g,e). 
To estimate K\~ x we apply Cauchy- Schwartz to obtain 



(wjK^ih^M) < dq dpwi{p)ki- x {p,q) |*n(g)fc a (p)| 
Jr 3 Jr 3 

v 1/2 , f x 1/2 

< ( / dpdq w 2 ( P )k 1 1 - x (p,q)\h 1 (q)\ 2 / dpdq w 2 {p)k\-*{p,q)\h 2 (p)\ 2 



We will estimate the kernel of each term above. We further split 



k{- x (p,q) - k\- x {jp,q)<j> R {p,q) + k\~ x (1 - <j> R ) = k\g X + k\~ x 
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The value of R > 1 used here is independent of the case considered previously. The 
R here will be independent of e. From (|2.7j) and (|1.9p . in general we have 



(3.25) / duj v a(g, 9) < ^-g l - b f d6 sin 1+7 6 < ^-g 1 ^. 
J§2 p qo J p qo 

For g < 2e as in (|3.1j) . with fl3.8[) we conclude that 

(3.26) <2ev^gb". 

Furthermore, on the support of (f>R we notice that additionally \p — q\ < AeR. Then 
if b G (1, 4), with the formula for k 1 ~ x (p, q), (|3.25j) and then ()3.8J) . we obtain 



dp w 2 t {p) k\- s x {jp, q)<C R dp _v_ fl i-VJ(g)J(p) 

J|p-g|<4ei? P0<?0 
J\p-q\<ieR, 

< C R [ dp f t^-V 1 J 1/4 (?)J 1/4 (p) < CiJ 4 - 6 e 4 -*J 1 /8(«). 

The last inequality above follows easily from (po?o) b 1 J 1 ^ 8 (q)J 1 ^ 8 (p) < C and also 



/" dpj^f ^^-bA-b 

J\p-q\<4eB, \P-q\ 



6-1 



Thus when 6 G (1,4) we have 



(3.27) (wjKl- x (hx)M) 



<C fi e 4 -V 1/16 ^i|2|J 1/16 /i 



2 2- 



This is much stronger than the desired estimate for e = e(R) > chosen sufficiently 
small. Alternatively if b G [0,1] then with (|3.25[) we have 

dp wj{p) k\- x {p,q) <C [ dp J 1 / A {q)J 1 ' i {p) < CR 3 e 3 J 1/4 (q). 

J\p-q\<2eR 

Thus when b G [0,1] we have {wjKl" x {h l ) 1 h 2 ) < C R e 3 \ J 1/8 /ii| 2 | J 1/8 h 2 \ 2 . This 

concludes our estimate for the part containing k\g X (p,q) for any fixed R after 
choosing e = e(R) > small enough (depending on the size of R). 

For the term involving k l ~ L x (p,q) the estimate is much easier. In this case 

(3.28) / dp w 2 e (p) kll x (p,q) < f dp g 1 -" (1 - <f> R (p,q)) J 1/A {q)J l/ \p) 

The same estimates hold for the other term in the inner product above. These 
estimates arc independent of e. We thus obtain the desired estimate for this term 
in the same way as for the last term, here we first choose R > sufficiently large. 
The last term to estimate is K\ _x from (|3.2I) . With (|3.26|) we see that 

Po < \p - q\ + Qo < 2eVW7o + qo < epo + (1 + e) q Q . 



The hrst inequality in this chain can be found in |18[ Inequality A.l]. We conclude 
Po < qo and similarly go ^ Po- For < e < 1/4 say the constant in these inequalities 
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can be chosen to not depend upon e. Furthermore from if g < 2e and e is 

small (say less than 1/8), then it is easy to show that 

(3-29) p > — - — , q > — - — . 

These post-collisional energies are also clearly bounded from above by po and qo. 
So that all of these variables are comparable on (|3.2j) . We thus have 

(Kl- X (hi),h2) < / dudqdp (l-x(g)) v a{ 9 ,e)e- cqo - cpo 

JR 3 xR 3 xS 2 

X (Ift^')! + \h 1 (q')\)\h 2 (p)\. 

With Cauchy- Schwartz we obtain 

1/2 



< 



1/2 

2 



. V2 

2 



1/2 

2 



dujdqdp v a a{g,e)e- cqa - cpo |/iib')| 2 

dujdqdp v o{g,e)e- cq °- c v° \h 2 (p)\ 

9<2e 

dujdqdp v a{ gi e)e- cq °- clP0 \hx{q')\ 

x ( f dojdqdp v a{g, e)e- cq °- cpo \h 2 (p)\ 

From p.25p and the arguments just below it, for any small rj > we can estimate 

dudq v a(g,e)e~ cqo ~ cpo < rie- cpa/2 . 

Above of course we have 77 = 77(e) — >• as e — > 0, and by symmetry the same 
estimate holds if the roles of p and q are reversed. Since the kernels of the integrals 
above are invariant with respect to the rclativistic pre-post collisional change of 
variables [23], which is justified for (|1.10j) . we may apply it as 

dpdq = ^dp'dq'. 
Po<7o 

Putting all of this together with (|1.6[) we have 

(Kl-*{hi) t h2)\ < V(e) (| dp e~ cp ° Ih^p)] 2 ^ ' (J dp e-^ \h 2 (p)\^ ' 

For e > small enough, this is stronger than the estimate which we wanted to 
prove. We have now completed the proof of this lemma. □ 

We will at this time use the prior lemma to prove the next lemma. 



Proof of Lemma \3Ji\ Most of this lemma is standard, see e.g. [2Tj. We only prove 
the coercive lower bound for the linear operator. Assuming the converse grants a 
sequence of functions h n (p) satisfying P/i" = 0, \h n \ 2 J = (vh n ,h n ) = 1 and 

(Lh n , h n ) = \h n \l - (Kh n , h n ) < -. 

n 



22 



ROBERT M. STRAIN 



Thus {h n } is weakly compact in | • |„ with limit point h°. By weak lower-semi 
continuity \h°\ v < 1. Furthermore, 

(Lh n ,h n ) = 1 - (Kh n ,h n ). 

We claim that 

lim (Kh n ,h n ) = (Kh°,h°). 

n— >-oo 

The claim will follow from the prior Lemma 13.31 This claim implies 

= 1- (Kh°,h°). 

Or equivalcntly 

(Lh°, h°) = \h°\l - 1. 

Since L > 0, we have \h°\1 — 1 which implies h° = T?h°. On the other hand 
since h n = {I — P}/i" the weak convergence implies h° = {I — P}h°. This is a 
contradiction to \h°\f, = 1. 

We now establish the claim. For any small r) > 0, we split K = K c + K s as in 
Lemma |3~51 Then \(K s h n , h n ) \ < rj. Also K c is a compact operator in l? v so that 

lim \K c h n - K c h\ = 0. 

n— >oc 

We conclude by first choosing r\ small and then sending n — > oo. □ 



Wc are now ready to prove Lemma 13. 5 1 We point out that similar estimates, but 
with strong Sobolev norms, have been established in recent years [^HII^SIEIIEI] via 
the macroscopic equations for the coefficients a, b and c. We will use the approach 
from [33], which exploits the hyperbolic nature of the transport operator, to prove 
our Lemma 13.51 in the low regularity 1? setting. 



Proof of Lemma \3.5[ We use the method of contradiction, if Lemma [33] is not valid 
then for any k > 1 we can find a sequence of normalized solutions to (12.111) which 
we denote by that satisfy 



J 1 ds \\{I-P}f k \\l(s)<lj o l 
lized function 
Z k (t,x,p) = 



ds UPMI^s). 



Equivalently the normalized function 

fk(t,x,p) 



satisfies 



and 



lj l Q ds \\Pf k \\l{s) 

[ ds \\PZ k \\l(s) = 1, 
Jo 



(3.30) J ds\\{I-P}Z k \\l(s)<± 

Moreover, from (|2.6[) the following integrated conservation laws hold 



i 



1 



(3.31) / ds I dx I dp I p I yfJip) Z k (s,x,p) =0. 

KPoj 
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Furthermore, since fk satisfies p. lip , so does Zk- Clearly 

(3-32) sup / ds \\Z k f v (s) < 1. 

fc>l Jo 

Hence there exists Z(t,x,p) such that 

Zk(t,x,p) — 1 Z(t,x,p), as k — > oo, 

weakly with respect to the inner product ds (-,-)^ 01 the norm f Q ds 
Furthermore, from ()3.30j) we know that 



(3.33) f ds \\{I-P}Z k \\l(s)^0. 

Jo 

We conclude that {I - P}Z k -> {I - P}Z and {I - P}Z = from (f3T33|) . It is then 
straightforward to verify that 

PZ fe -> PZ weakly in / ds || • 
Jo 

Hence 

(3.34) a;,p) = PZ = {a(i, x) + p ■ b(t, x) + po c(t,x)}VJ. 

At the same time notice that LZk = L{I — P}Zk and we have ()3.33j) . Send k — > oo 
in (|2.1ip for Zfc to obtain, in the sense of distributions, that 

(3.35) d t Z +p-V x Z = 0. 

At this point our main strategy is to show, on the one hand, Z has to be zero from 
()3.33|) . the periodic boundary conditions, and the hyperbolic transport equation 
(|3.35|) . and (|3.31[) . On the other hand, Zk will be shown to converge strongly to 
Z in J Q ds || • || y with the help of the averaging lemma [12] in the relativistic 

formulation [47] and ds ||Z||^(s) > 0. This would be a contradiction. 

Strong Convergence. We begin by proving the strong convergence, and then 
later we will prove that the limit is zero. Split Zk(t,x,p) as 

5 

Z k {t, x,p) = PZ k + {I - P}Z k = ]T(Z fc (i, x, •), e.j)e 3 {p) + {I - P}Z k , 



where ej(p) are an orthonormal basis for 

To prove the strong convergence in ds \\ ■ ||^, recalling (|3.33[) . we will show 

l<i<5 J ° 

Since ej(p) are smooth with exponential decay when p — > oo, it suffices to prove 
(3.36) / ds f dx\{Z k ,ej)-{Z,ej)\ 2 ->0. 

JO JT 3 

We will now establish (|3.36[) using the averaging lemma. 

Choose any small 77 > and a smooth cut off function xi(tj x iP) m (0, 1)xT 3 xK 3 

such that xi{ti x iP) = 1 m [Vi 1 — v] x ^ 3 x |bl — || an d Xi(t) x >P) = outside 
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[lAl-l/2]xT 3 x{\p\ < §}. Split 

(3.37) (Z k (t,x,-),ej) = ((1 - xi)Zfc(t,£, -)> e j) + (xiZk(t,x, -),e 3 ). 
For the first term above, notice that 

ds f dx \{(l~ X i)\Zk-Z\,e 3 )\ 2 
o Jt 3 

< I I (1 - Xif IZkW + f I (1 - xif \Z\ 2 \e 3 \ 2 

JO iPxl 3 Jo Jt 3 xR 3 

£ / + / + / • 

JO<s<i) Jl-i|<s<l "'|p|>l/') 

Since e 3 = ej(p) has exponential decay in \p\ we have the crude bound 

\e,(p)\ < C r), for |p|>l/r?. 
Thus all three integrals above can be bounded by 

(3.38) C V sup (||Z fc ||i( a ) + \\Z\\l(s)) < C (\\Z k (0)\\ 2 2 + \\Z(0)\\t) V < C V) 

0<s<l 

which will hold for Zk uniformly in k. These bounds follow from (|2.11j) and (|3.35|) . 

The second term in (|3.37j) . (xiZk(t, x, ■), e 3 ), is actually uniformly bounded in 
H^QO,!} x T 3 ). To prove this, notice that (|2.11j) implies that x\Zk satisfies 

(3.39) [dt+p-^x\{xiZk) = -XiL[Zk)+Z k [d t +p-W x ]xi. 

The goal is to show that each term on the right hand side of (|3.39[) is uniformly 
bounded in L 2 ([0, 1] x T 3 x It 3 ). This would imply the if 1 / 4 bound by the averaging 
lemma. It clearly follows from (|3.32[) that 

Z k [dt + P ■ VJxi G L 2 ([0, 1] x T 3 x R 3 ). 
Furthermore, it follows from Lemma |3. II and Lemma 13.31 with £ = that 



f dp \xiL[Z k }\ 2 < f 
Jr 3 Jr 3 



dp \xiv(p)Zk\ A + / dp \xxK{Z k )Y < \Z k {t,x)\t. 



Thus the right hand side of (p39]l is uniformly bounded in L 2 ([0, 1] x T 3 x R 3 ). By 
the averaging lemma [l2]|47] it follows that 



( X iZ k (t,x,-),e 3 ) = / dp X i(t,x,p)Z k (t,x,p)e j (p) e ^([0, 1] x T 3 ). 



This holds uniformly in k, which implies up to a subsequence that 

(XiZ k (t, x, •), e,) -> (xiZ(t, x, •), ej) in L 2 ([0, 1] x T 3 ). 
Combining this last convergence with f|3 .38[) concludes the proof of (I3.3G|) . 



As a consequence of this strong convergence we have 

ds \\Z k - Z\\l( S ) ^ 0, 



which implies that 



f ds \\PZ\\l(s) = 1. 
Jo 



Now if we can show that at the same time PZ = 0. then we have a contradiction. 
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The Limit Function Z(t,x,p) = 0. By analysing the equations satisfied by Z, 
we will show that Z must be trivial. We will now derive the macroscopic equations 
for PZ's coefficients a, b and c. Since {I — P}Z = 0, we see that PZ solves (|3.35l) . 
We plug the expression for PZ in (|3.34[) into the equation (|3.35j) . and expand in 
the basis (|3.3|) to obtain 

{ d °a + ^ {Wa} + {d%\ + Pj {d% 3 + &c\ + po {d°c}\ J l ' 2 (p) = 0. 
I Po Po J 



where d° = dt and 9 J = d x . . By a comparison of coefficients, we obtain the 

important relativistic macroscopic equations for a(t,x), bi(t,x) and c(t,x): 

(3.40) d°c = 0, 

(3.41) &c+8Pb t = 0, 

(3.42) il 6,,-it'h, ■ iVh, = 0, 

(3.43) d l a = 0, 

(3.44) d°a = 0, 



which hold in the sense of distributions. 

We will show that these equations (|3.40j) - (|3.44[) , combined with the periodic 
boundary conditions imply that any solution to (|3.40l) - (|3.44|) is a constant. Then 
the conservation laws (|3.31[) will imply that the constant can only be zero. 

We deduce from ([3~44|) and (|X43)l that 

a{t, x) = a(0, x), a.e. x,t 
a(s, xi) = a(s, X2), a.e. s,xi,X2- 

Thus a is a constant for almost every (t, x). From (|3.40[) , we have c(t, x) = c{x) for 
a.e. t. Then from (|3.4ip for some spatially dependent function 6j(x) we have 

bi(t, x) = d l c(x)t + bi(x). 

From p.42[) and the above 

= d l h{t, x) = d l d l c{x)t + d%(x). 

which implies 

d l d l c(x) = 0, d%(x)=0. 

Similarly if i ^ j we have 

= &bi{t, x) + d l bj{t, x) = (d J d % c(x) + &&c{x)) t + d j b t (x) + d%(x), 
so that 

i)> ;>'<■:.,■; = -d^cix), &>bi(x) = -d%{x), 

which implies d l c{x) = Cj, and c(x) is a polynomial. By the periodic boundary 
conditions c(x) = c € KL 

We further observe that bi(t, x) = bi(x) is a constant in time a.e. from (|3.41[) and 
the above. From (pR2"j) again d% = so that trivially 8^% = 0. Moreover (pT32"]) 
further implies that d J d J bi = 0. Thus for each i, bi(x) is a periodic polynomial, 
which must be a constant: bi(x) = fc, £ M. 
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We compute from (|3.34|) that 

dp piJ 1/2 (p) Z(t,x,p) =bi / dpp 2 J{p), i = l,2,3, 

Jm 3 

dp J 1//2 (p) Z(t,x,p) =a dp J(p) +c I dp poJ(p), 
Jr 3 Jm 3 

dp p J 1/2 (p) Z(t,x,p) = a dpp J{p)+c dpplJ(p). 

JK 3 JUL 3 

As in [51] we define 

Pi = / J(p)dp=l, Po= p J(p)dp, p 2 = plJ(p)dp. 

Jm 3 Jm. 3 Jm. 3 

Now the matrix given by i^ 1 ) is invertible because p\ < p\P2- It then follows 

\Po P2J 

from the conservation law (|3.31l) which is satisfied by the limit function Z(t,x,p) 
that the constants a, bi, c must indeed be zero. □ 

Wc have now completed all of the L 2 energy estimates for the linearized rela- 
tivistic Boltzmann equation (|2.1ip . We will now use (|3.5p . Lemma |3"^11 Lemma |3"31 
and Lemma 13.61 to prove Theorem 13. 71 This will be the final proof in this section. 

Proof of Theorem \3. 7| For k > 0, we define the time weight function by 

(3.45) P k (t) = (l + t) k . 

For a solution f(t,x,p) to the linear Boltzmann equation (|2.11|) . with Pfc(t) from 
(|3.45l) , Pk(t)f(t) satisfies the equation 

(3.46) (8 t + p ■ V x + L) (P k (t)f(t)) - kP k ^(t)f{t) = 0. 

For the moment, suppose that t = m and m £ {1, 2, 3, . . .}. For the time interval 
[0, m], we multiply Pk(t)f(t) with (|3.46|) and take the L 2 energy estimate over 
< s < m to obtain 



(3.47) P 2k (m)\\f\\ 2 2 (m) + / ds P 2k (s)(LfJ) 

-k ds P 2k ^(s)\\f\\ 2 ( S ) = H/olli 



We divide the time interval into U^. 1 [j, j + 1) and also fj(s,x,p) = f(j + s,x,p) 
for j G {0, 1, 2, . . . , m — 1}. Wc have 



P2k(m)\\f(m)\\l+J2 / ds {P 2k (j + s)(Lf j ,f j )-kP 2k . 1 (j + s)\\f 3 \\ 2 2 (s)} 

3=0 J ° 



l/olll- 



Clearly fj(s,x,p) satisfies the same linearized Boltzmann equation p. lip on the 
interval < s < 1. Notice that on this time interval 

(3.48) P 2k {j + s)> P 2k {j), P 2fe _i(j + s) < C k P 2k ^U), Vfc > 1/2, s e [0, 1]. 
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These estimates are uniform in j, so that 

m—l r i 



P2k(m)\\f(m)\\ 2 2 +Y J I ds {P2 k (j)(Lf j J j )(s)-C k kP 2k . 1 (j)\\fMs)} 

< ll/olli 



3=0 J0 



Moreover, by Lemma l3.4[ we have 



_ S ° II IT TD1 f II 2 , S , 



(LfiJj) > 5 \\{I P}fX = f l|{I - P}fX + y l|{I - P}/ilr,- 
Furthermore, with Lemma 13.51 applied to each fj(s,x,p) we obtain 

0.49) ^^p 2k (j) ds]]{ i-p }fj f v >^j2 p ^u) * iip/iii;oo- 

J=0 J ° 1 3=0 J ° 

We combine (|3.49p with the estimate above it to conclude 

m— 1 „i j- m—l „i 

^Aft > y E P ^') / d S \\{l-V}.f 3 \\ 2 > 

JO ^ „-_ n JO 



;(*) 



i=o 



i=o 



SqS v 



71-1 „1 

E^ fc (j) / ds \\PfjWUs) 

3=0 J ° 

m — l pi 

o-n JO 



where <5 = ± min {^, 4f } . Define C fc = C k k. With this lower bound 

m—l „i 

ft*(m)||/||l(m) + E / ^ {^2 fe (i)||/il| 2 , - C k P 2k ^(j)\\f 3 \\ 2 } (s) < H/oll 



j=o 



Next, for A > sufficiently small we introduce the following splitting 



(3.50) 



^,3 



{p \p b J 2 < A (1 + j)} , E c Xd = [p \p b ' 2 > A (1 + j)} 



We incorporate this splitting into our energy inequality as follows 

^ m — l 



A m r 1 
P2k(m)\\f\\ 2 (m) + -J2PMj) ds 

3=0 J ° 



(s) 



m—l „i ( ? 



m—l „i 



<ll/o||l + 



E / c*nv^fc-iCj)/iiB S> jii(fl), 

3=0 J ° 



where . is the usual indicator function of the set E\ j. On E\j, with the help 
of Lemma 13. 1[ we have 

-1 > -A(l +j)Pv b/2 > -C„A(1 +j>(p), a > o. 
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Hence 



2 II VWifilE^ \\l (S) - C* || VP2k-l(j)f j l Ex , j || 1(3) 



> 



l-c k c v x\ \\VWjfAE X Jl(s)- 



We choose A > small enough such that 

c x d = f s - - C k C v \ > 0. 

Then we have the following useful energy inequality 

m—l 



P2 k (m)\\f\\l(m) + -J2 P M / ds WfiWX*) 
j=o Jo 

m—l ~i 

+ C A ^ / ds \\VP^JJ)fjl EXij \\l(s) 

„-_n JO 



m—l „i 

<H/o|l2+£ / ds C k \WP 2k . l {j)f j l El .\\l{s). 

3=0 J ° 

The last term on the left side of the inequality is positive and we discard it from the 
energy inequality. For the right side of the energy inequality, on the complementary 
set j , using Lemma 13.11 again, we have 



P2k-i(j) < < "(P) W M- 

Thus we bound the time weights with velocity weights and the dissipation norm 

m—l „i m—l „x 

E / ds C^^P^ujfjiEc \\l(s)<cJ2 / ds WfriEc \\l tk ( s ). 

3=0 J j=0 JO 

We switch back to fj(t,x,p) — f(t + j,x,p) and use p.48[) to deduce 

p 2k(m)\\ff 2 (m) + 4 / ds P2k(s)\\f\\l(s) < \\fo\\t + C ds ||/||^(s). 
Jo Jo 

We can obtain an upper bound for the right side above using the regular energy 
inequality in (I3.5|) to achieve 

r-ra 

P2k(m)\\f\\l(m) + 6 k / ds P2 k ( S )\\f\\l( S ) < C k \\f Q \\l k . 
Jo 

We have thus established our desired energy inequality from Theorem 13.71 for any 
TO £ {0, 1,2,...} and I = 0. For an arbitrary t > 0, we choose m G {0, 1,2,...} 
such that to < t < to + 1. We then split the time integral as [0, t] = [0, to] U [to, i]. 

For the time interval [to, i], we have the L 2 energy estimate as in p. 61) . Since 
L > by Lemma 13.41 we may use (|3.48[) and (|3.6[) to see that 

ft*WII/(*)Hl < C fe P 2fc (m)||/(TO)||! Vt G [to, to + 1]. 



b/2 ' 



2fc-l 
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Since ()3.47p holds for any time t (not necessarily an integer), we can use the estimate 
above together with ()3.47j) . as in (|3.7j) . using Lemma I3U1 for any t > to obtain 

(3.51) P2k(t)\\f\\ 2 2 (t) + 5 k [ ds P 2k (s)\\f\\l(s) < C k \\f \\l k . 

Jo 

This proves our time decay theorem for I = 0. For general I > this estimate can 
be proven in exactly the same way, except in this case we use Lemma 13.61 in the 
place of Lemma 13.41 and Lemma 13.51 as we did in the proof of (|3.5|) . □ 

This concludes our discussion of L 2 estimates for the linear Boltzmann equation. 
In the next section we use these L? estimates to prove L°° estimates. 

4. Linear L°° Bounds and slow Decay 

In this section we will prove global in time uniform bounds for solutions to the 
linearized equation (|2.11[) in L°°([0, oo) x T 3 x M 3 ), and slow polynomial decay in 
time. We express solutions, f(t,x,p), to (|2.11[) with the semigroup U(t) as 

(4-1) f(t,x,p) = {U(t)f }(x,p), 

with initial data given by 

{U(0)f }(x,p) = f (x,p). 
Our goal in this section will be to prove the following. 

Theorem 4.1. Given £ > 3/6 and k e [0,1]. Suppose that f Q e Lf +k (T 3 x M 3 ) 
satisfies (|2.6|) initially, then under (|2.7j) the semi-group satifies 

||{tf(t)/o}||oo,* < C(l + *) _fc ||/o||oo^+fc. 

Above the positive constant C = Ci,k only depends on I and k. 

The first step towards proving Theorem 14.11 is an appropriate decomposition. 
Initially we consider solutions to the linearization of (|2.ip with the compact operator 
K removed from (|2.11[) . This equation is given by 

(4.2) (ft+p-V« + i/(p))/ = 0, f(0,x,p) = f o (x,p). 

Let the semigroup G(t)fo denote the solution to this system (|4.2[) . Explicitly 

G(t)f a (x,p)^e-^ t f a (x~pt,p). 

For soft potentials (|2.7p . with Lemma |3~T1 this formula does not imply exponential 
decay in L°° for high momentum values. However, as we will see in Lemma 14.21 bc- 
low, this formula docs imply that one can trade between arbitrarily high polynomial 
decay rates and additional polynomial momentum weights on the initial data. 

More generally we consider solutions to the full linearized system (|2.11j) . which 
are expressed with the semi-group (|4.1[) . By the Duhamel formula 

{U(t)f }(x,p)=G(t)f (x,p)+ f d Sl G(t- Sl )K{U( Sl )fo}(x,p). 

Jo 
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We employ the splitting K = K 1 ^ x + K x which is defined with the cut-off function 
(|3.ip and (|3.2|) . We then further expand out 



/ d Sl G(t - s^K 1 -* {U( Sl )f } (x,p) 

da! G(t- Sl )K*{U( Sl )f }(x,p). 
We further iterate the Duhamel formula of the last term, as did Vidav [55] : 

(4.3) U{ Sl ) = G(si) + f 1 ds 2 G(si - s 2 )KU(s 2 ). 

Jo 

This will grant the so-called A-Smoothing property. Notice below that we only 
iterate on the K x term, which is different from Vidav. Plugging this Duhamel 
formula into the previous expression yields a more elaborate formula 

{U(t)f } (x,p) = G(t)f Q (x,p) + f ds t G(t - s^K 1 -* {U( Sl )f } (x,p) 

Jo 

+ f d Sl G(t- Sl )KXG(si)f (x,p) 
Jo 

d Sl f 1 ds 2 G(t - Sl )K x G( Sl - s 2 )K{U(s 2 )f } (x,p). 
Jo 

However this is not quite yet in the form we want. To get the final form, we once 
again split the compact operator K = K x ~ x + K x in the last term to obtain 

{U(t)f } (x,p) = G(t)f Q (x,p) + f d Sl G(t - s^K 1 -* {U( Sl )f } (x,p) 

Jo 

(4.4) +/ d Sl G(t- Sl )K x G( Sl )f (x,p) 

Jo 

d Sl I 1 ds 2 G(t - Sl )K x G( Sl - s^K 1 -* {U(s 2 )f } (x,p) 



d Sl / ds 2 G(t - Sl )K x G( Sl - s 2 )K x {U(s 2 )f } (x,p) 
Jo 

H-i.(t,x,p) + H 2 (t,x,p) + H 3 (t,x,p) + H 4 (t,x,p) + H 5 (t,x,p), 



where 

def 



Htit^p) = f e-"Wf (x-pt,p), 

H 2 (t,x,p) d = f f d Sl e-^-^K^iUis^fojiy^p), 
Jo 

H 3 (t,x,p) = [ d Sl e-^-^ [ d qi k x (p, qi ) e'^^f ( yi -q lSl , qi ). 



Just above and below we will be using the following short hand notation 

Vi = x-pit-st), 
(4.5) y 2 = f yi - qi(si - s 2 ) = x -p(t- si) - qi(si - s 2 ). 
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We are also using the notation gio = \Jl + \qi\ 2 and 91 = (911,912,(713) G K 3 with 
91 = 91/910 • Furthermore the next term is 

Hi(t,x,p)= f d qi k x (p, qi ) f dsi f 1 ds 2 e -^p)(*- s i) e -^(9i)( S i- S 2) 

JR3 Jo JO 

xK 1 ^{U(s 2 )f Q }(y 2: q 1 ). 
Lastly, we may also expand out the fifth component as 

(4.6) H 5 (t,x,p)= f d qi kx(p, qi ) f dq 2 fc*(9i,9 2 ) / d Sl e -"W(^i) 
Jr 3 Jk 3 Jo 

x f 1 ds 2 e-^^~^{U( S2 )f }(y 2 ,q 2 ). 
Jo 

We will estimate each of these five terms individually. In Lemma 14.21 below we will 
show that the first and third term exhibit rapid polynomial decay. Then after that, 
in Lemma 14.31 we show that the second and fourth terms can be bounded by the 
time decay norm (|2.10p multiplied by an arbitrarily small constant. For the last 
term, in Lemma |4~4"1 wc will show that H$ can be estimated by (|2.10j) times a small 
constant plus the L_j norm of the semi-group (for any j > 0) multiplied by a large 
constant. After stating each of these lemmas, we will put these estimates together 
to prove our key decay estimate on the semi-group for solutions to (|2.11[) in Lf 3 as 
stated above in Theorem l4.ll Once this is complete we give the proofs of the three 
key Lemmas 14.21 14.31 and 14.41 at the end of this section. 

Lemma 4.2. Given I > 0, for any k > we have 

|tfl/(p).ffi(t,a:,j>)| + \wi(p)H 3 (t,x,p)\ < C iik (l + fr fe ||/o||oo,f+fc- 

Next 

Lemma 4.3. Fix £ > 0. For any small 7/ > ; which relies upon the small e > 
from p. II) . and any k > we have 

|ifl/(p)H a (t,a,p)| + |w/(p)fl4(t,a:,p)|<»7(l + t)- fc |||/||| w . 

The estimates in the lemma above will be used to obtain upper bounds for the 
the Lf norm of the semi-group. The final lemma in this series is below 

Lemma 4.4. Fix I > 0, choose any (possibly large) j > 0. For any small r\ > 0, 
which depends upon (|3.1|) . and any k > we have the estimate 

\w e (p)H 5 (t,x,p)\< V (l + t)- k \\\f\\\ k . e + C v f ds e^ t -«)||/|| a ,_ J -(s) 

Jo 

+ w e (p)\R 1 (f)(t)\. 

By the L 2 decay theory from Theorem \3. 7\ and also Proposition \4-5\ we have 

f ds e-rt-^Wfh^M < C„(l+t)- fc ||/o||2,* < C t ,(l + i)- fe ||/o||oo,£+ fc . 
Jo 

The above estimates hold for any k > and £ > 3/6 (as in (|4.7[) just below). On 
the other hand, for the last term if we restrict k 6 [0, 1] then V?y > we have 

^(p)|i2i(/)|<»?(l+*)- fc |||/||lM- 
Above R\ is defined in (|4.15p during the course of the proof. 
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These estimates would imply almost exponential decay except for the problem- 
atic term i?i(/)(t), which only appears to decay to first order. This will be dis- 
cussed in more detail in Section [SJ where it is shown that this term can decay to 
any polynomial order by performing a new high order expansion. 

We now show that the above lemmas grant a uniform bound and slow decay for 
solutions to (|2.11j) in Lf. We are using the semi-group notation f(t) = {C/(t)/o}. 
Lemmas 14. 2\ 14.31 and 14.41 together imply that for any r\ > and k £ [0, 1] we have 

ll/lloc,^) < Ce, k (l + <)- fe ||/o||oo^ +fc + + f)" fc lll/lllM + + *)" fe ll/olkfc- 
Equivalcntly 

III/HU/ < C£,fe||/o||oo,£+fc + Ci/2 || /oil 2, k < Gf,fe||/o||oo,^+fc- 

The last estimate holds when we choose t > 3/6, with (|2.9[) . as follows 



(4.7) ||/ || atfc = J / dp wl(p)\f (pW < \\M\oo,e+k 




0\\oo,e+k- 



With this inequality, we have the desired decay rate for the Lf norm of solutions 
to the linear equation (|2.11[) . which proves Theorem 14.11 subject to Lemmas 14.21 
14.31 and 14.41 We now prove those lemmas. 

Along this course we will repeatedly use the following basic decay estimate 

Proposition 4.5. Suppose without loss of generality that A > /i > 0. Then 

ds CxAi) 



o (l + t-s) A (l + s)^ " {l + t)P 
where p = p(A, /j.) = min{A + — 1, pi} and 

U W)- U \ log(2 + <) if\ = l. 

Furthermore, we will use the following basic estimate from the Calculus 

(4.8) e- ay (l + y) k <uia^{l,e a - k k k a - k }, a,y,k>0. 

We will now write an elementary proof of this basic time decay estimate in Propo- 
sition 23] This result is not difficult and known, however we provide a short proof 
for the sake of completeness and because we have not seen a proof in the literature. 

Proof of Proposition \4-5\ We will consider the cases \x = and fi = A separately. 
Then the general result will then be established by interpolation. 
Case 1: \i = 0. If A ^ 1 we have 



ds f ds 1 



Note p = if A > 1 and p = A — 1 < otherwise. Alternatively if A = 1 

f* ds 

/ T— =log(l + t- 
Jo 1 + s 

This completes our study of the first case p = 0. 
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Case 2: \x = A. We split the integral as 



ds 



(l + *- S ) A (l + s) A JO Jt/2 



1/2 



For the first integral 



< (l+t/2)- x 



/„ (l + i- S ) A (l + ,s) A " ^ ' •' ' J (1 + 8) 

Now from Case 1, we can estimate the remaining integral as 

<C Al A(t)(l + *) maX{0 * 1 " A} > 



(l + s)< 



which conforms with the claimed decay. The second half of the integral can be 
estimated in exactly the same way as the first. 

Case 3: < \i < A. By Holder's inequality, we have 

I* ds t* ds 

J (i + t-s^i + sy -J TT 



< 



(l + t- s)£ + a (1 + s)^ 

ds \ 1/P ( f* ds 



o [1 + t-sYJ \J {l + t-s) x (l + s) 



Above q = — and p = -t-^— with - + - = 1. Therefore the above is 



(A-/i)/A / rt ^ s fi/X 



(l + t - fl )A(l + a )A 

By the previous two cases, this is 

< (Cx,o(*)(l + t)- p(A ' 0) ) (Cx,x (*)(1 + i)- p(A - A) ) 

= Ca o(0^ A_m ^ A Ca a(£)^ A (1 + i)~ p ( A '°)( A ~ At )/ A_p ( A > A ) At / A . 
The proposition follows by adding the exponents. □ 

We are now ready to proceed to the 

Proof of Lemma \4-S\ We start with H\ . From Lemma 13.11 and (|4.8[) we have 
(4.9) e- v W < C kP l b/ \l + t)~ k < C k w k ( P )(l + t)- k , Vi, k > 0. 

Here we use the notation from (|2.9p . This procedure grants high polynomial time 
decay on the solution if we admit similar high polynomial momentum decay on the 
initial data. In particular we have shown 

Mp)#i(M,p)I - \w e { P ) e-^foix-pt^ < C(l + i)- fc ||/o|U, +fe , 

which is the desired estimate for H\ . 

We finish off this lemma by estimating H3. Notice that we trivially have 

e -v(p)(t-si) e -v(q) si < e -v(max{\p\,\q\})t 
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where j/(max{|p|, \q\}) is v evaluated at max{|p|, We have 

\ Wi (p)H 3 (t,x,p)\ < w e (p) f d Sl e-"W< / dqt \k*(p, qi )\ sup |/ (y,?i)| 

J0 ^bl>ki| 3/6T3 

+ u*(p) /* dsi / dgi e-"^*8up|/ (y,gi)|. 
Jo J\p\<\qi\ yeT 3 

We will estimate the second term, and we remark that the first term can be handled 
in exactly the same way. As in the previous estimate for H\ , we use (|4.9[) to obtain 



-"M* sup \f (y, qi )\ < C fc (l +t)- k - 1 w k+1 (q 1 ) sup \f (y, qi )\ 

J/6T 3 yGT 3 



Next we use the estimate for k x (p, q) from Lemma 13.21 When using this estimate 
we may suppose < 2\p\. For otherwise, if say \qi\ > 2\p\, then as in (|3.21|) we 
have \p — qi\ > \qi\/2 which leads directly to 

(4.10) w k+1 (q 1 )w e (p)e- clp -' !ll/2 < Cw k+1+e ( qi )e~ clqil/4 < C. 

In this case we easily obtain an estimate better than (|4. below. In particular 

ds\ w e (p) / dqi l| 51 |> 2 |p| |fc x (p,<7i)| e~ v{qi)t sup |/o(j/,<?i)| 

J\p\<\ Ql \ y£T 3 

< (l + i)- fc ||/o||oo,-,, Vfc>0, j>0. 

Thus in the following we assume \p\ < \q±\ < 2\p\. On this region we may plug in 
the last few estimates including (|4.9j) to obtain 

(4.11) f d Sl Wi(p) f d qi |fc*(p, ?1 )| e- v ^ sup \f (v, qi )\ 

Jo J \p\<\qi\<2\p\ y£T 3 

<C k , / dgi u^(gi) w k +i{q\) |fc x (p,<?i)| sup |/o(j/,<?i)| 

U + TJ «/|p|<|9i|<2|p| !/GT3 



< C fc (l + t)" fe ||/ || oo . £+fc toi(p) / dgi |fc x (p, gi )|. 

J|p|<|gi|<2|p| 

Then from Lemma 13.21 we clearly have the following bound 



Wl {p) / dg! |fc*(p,?i)| <C. 

•/|p|<l«i|<2|p| 

This completes the time decay estimate for 7?3 and our proof of the lemma. □ 



Our next aim is to prove Lemma 14.31 To do this we will use the following 

Lemma 4.6. Fix any i > and any j > 0. Then given any small r\ > 0, which 
depends upon \ in (|3.ip , the following estimate holds 

Above the constant c > is independent ofr]. 

Proof of Lemma \4-6] Wc consider K 1 ^ x (h) as defined in (|3.2[) . From (|3.29p . for e 
in (|3.ip chosen sufficiently small (e smaller than 1/4 is sufficient), we see that 



y/J(qW) + y/J(qW) S e- cq °- c P°, 3c> 0. 
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With that estimate, and additionally the conservation of energy ()1.6|) . we have 



Wl (p)K\-*{h){p) 



< 



: xS 2 



dwdq (l-x(9)) V i(g,0)e- c<lo - cpo 



< 



x(\h(p')\ + \h(q')\) 
diodq (1 - x {g)) V0 o e-^°-^ po ( e -* p ° \h{p')\ + e"*^ \h{q')\\ 

<m-* V0 \\h\U,-r 

In the last inequality we have used the following estimate for any small r\ > 



(4.12) 



:i x3 2 



dwdq (l-x(ff)) v o e"5*"§ P0 < 77 e" 



The proof of this bound uses (|3.25p . but also the exact strategy used in the para- 
graph containing (|3.25p and the paragraph just below it. The idea is to use the 
splitting p. 231) inside the integral in (|4.12[) : 

1 = (/>r(p,q) + (1 - <pBip,q))- 

First when |p| + \q\ is large, this is the term containing (1 — 4>n{p,q)), we have a 
bound for the integral in (|4.12p which is of the form Ce~ cR where the constant 
C, c > are independent of both R and e similar to (|3.28p . On the other hand, 
when \p\ + \q\ < R, this is the term containing 4>R(p,q), we have a bound which is 
of the form Crc p . Here p = p(b) can be chosen to be p = 3 if b £ [0, 1] and p = 4 — b 
iib £ (1,4). This second estimate is similar to (|3.27p . Since this strategy is already 
preformed in detail nearby (|3.25p . we will not re- write the details. 

Since p > we can first choose R » 1 sufficiently large, and then choose e > 
sufficiently small so that the constant rj > in (|4. 12[) can be chosen arbitrarily 
small. This yields the desired estimate. We remark that the estimate for K x ~ x can 
be shown in the same exact way, it is in fact slightly easier. □ 



With Lemma 14761 and Proposition 14.51 in hand, we proceed to the 

Proof of Lemma \4-3\ We begin with the estimate for H2 ■ Using Lemma 14.61 for 
any small 77' > we have 



\wi(p)H 2 (t,x,p) \ = wt(p) 



dsi e -»(j>)(tsi) K l-X { U{si )f } (y up ) 



< ?/ e~ c ^ / d Sl e -"W(*-*i) || {U( Sl )f } Hoo,-,-, Vj > 



< r/' e 



-cpo 



k.t 



ds! e-"W^'^(l + «i)- 



The norm is from (|2.10p for k > 0. As in (|4.9p for any A > max{l, k} we have 

\w t (p)H 2 (t,x,p)\<rf w x (p)e- c P°\\\f\\\ k . e f ds {1 +t - s)-\l + s y k 

Jo 

<»7(i + *)-*III/IIIm. 

which follows from Proposition 14.51 This is the desired estimate for H-i- 
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For Ha we once again use Lemma for any small rf > 0, to obtain 
\w e (p)H 4 (t,x,p)\ < f dqi k x (p, qi ) f d Sl f 1 ds 2 e -"(i0(*-'O 

JR 3 JO JO 

x e -^)(^2) m{p) \ K i-x ({[/( S2 )/ » (y 2 , qi )\ 
<v'\\\f\\\k,i f d qi fcX( p , 9l )^L-^° 

dsi I' ds 2 e- v{ P^ t - s ^e- v{qi){si - S2) {l + s 2 )- k . 



We recall that 510 = \/l + | <7i | 2 • For the time decay, from Proposition 14.51 with 
as in (|4.9[) we notice that 

d Sl I' ds 2 e - u ^ t ~ s ^e" j(qi){si - S2 \l + s 2 )~ k 
Jo 

< w x (p)w x (qx) f dsi (1 + t - Sl )- X f ds 2 (1 + Sl - s 2 )- x (l + s 2 )~ k 
Jo Jo 

<w x (p)w x ( qi )(l+t)- k . 
Above we have taken A > max{l, k}. Combining these estimates yields 

\MpW<v'0- + tr k \\\f\\\k,i I d Ql * x (p,gi)«>m(p)«'-m(3i)e- c91n . 



To estimate the remaining integral and weights we split into three cases. If cither 
2|<?i| < H, or I qi I > 2\p\, then we bound all the weights and the remaining momen- 
tum integral by a constant as in (|4.10j) . Alternatively if ^\qi\ < \p\ < 2|gi|, then 
the desired estimate is obvious since we have strong exponential decay in both p 
and q\. In either of these cases we have the estimate for H4. □ 

We will finish this section with a proof of the crucial Lemma 14.41 

Proof of Lemma \4-4\ We now turn to the proof of our estimate for H§. Recall 
the definition of H§ from (|4.6p with y 2 defined in (|4.5[) . We will utilize rather 
extensively the estimate for k x from Lemma 13.21 We now further split 



(4.13) H 5 (t,x,p) = H^ 9h (t,x,p) + H l r(t,x,p), 

and estimate each term on the right individually. For M >> 1 we define 

(4-14) lhigh = l|p|>Ml| 9 i|<M + 1| 91 |>M- 

Notice lhigh + l|p|<Ml|gi|<A/ = 1- Now the first term in the expansion is 

H^ 9h (t,x,p) d = dqik x {p,q{) I dq 2 k x (qi, q 2 ) l hlgh I 
Jr 3 Jr 3 Jo 

x r ds 2 e-^^-^{U( S2 )fo}(y 2 ,q 2 ) 



t 

v{p){t-s x ) 



dsi e 
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We use (|4.8j) . as in (|4.9|) . and Lemma [3TT1 to see that for any A > we have 

dsi e ""(p)(*- s i) f 1 ds 2 e -^ qi ^ Sl - s ^ 
Jo 

< C x w x (p)w x (qi) I d Sl f ds 2 (l + {t- Sl ))- x {l + ( Sl -s 2 ))" 



When either \p\ > M or \qi \ > M, by Lemma I3T2I we have the bound 

I k* (p, Ql )\< CM-* (p + q 10 y b/2 e- c ^-^. 
If either \p\ > 2|g 1 | or \qx\ > 2\p\ then as in (|4.10[) we have 

w e+x {p)wx( qi )e- c \P-^ < C. 
Thus by combining the last few estimates we have 



Wlip) / dqi \k x (p iqi )\ I dq 2 \k x (q u q 2 )\ l hlgh ( l| p |> 2 | 9l | + lu< 1 1 qi \ ) 

JR 3 JR 3 K -2 1 1/ 

x / d 3l e -"W(*-'0 P <fe 2 e-^)^- S2 )|{C/( S2 )/o}(y2,32)| 



x / dsi / ds 2 



(i + (t-s 1 )ni + (s 1 - S2 )y 



With Proposition 14.51 for any k > and A > max{/c, 1} the previous term is 
bounded from above by 



This is the desired estimate for M >> 1 chosen sufficiently large. 

We now consider the remaining part oiH^ 9h . As in the previous estimates and 
(14.101) . if either \q 2 \ > 2\qx\ or \qx\ > 2\q 2 \ then for any k > we have 



wtip) \ dqi \k x (p, qi )\ / d<? 2 |fc x (gi,g 2 )| (l|g 3 |>2|gi| + hi^ilnl) 

JR 3 JR 3 y ' 

y 1 , 1 , , f Wq n p- v {v)(tsi) f J„ n p-v(qi)(si-s 2 ) 

i\p\<\<ii\<2\p\ hl 9 h / as l e / as 2 e 



x \{U(s 2 )f }(y 2 ,q 2 )\ < ^i-|||/||| M jf s dgi e - c|p " 911 jf^dga e"^-^ 
x / dsi / <fe 2 



(l + (t- Sl )) A (l + (ai-s 2 )F 



Above we have used exactly the same estimates as in the prior case. Both of the 
last two terms have a suitably small constant in front if M is sufficiently large. 
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Thus the remaining part of H 5 to estimate is 

Ri{f)(t)= dq 1 k x (p,q 1 ) I dq 2 k x (q x ,q 2 ) li\ p \<\ gi \< 2 \p\li\ qi \<\ q2 \< 2 \ qi \ 
Jr 3 Jr 3 

(4.15) xl high [ d&x e -"W(*-«0 f 1 ds 2 e-^^- s ^ {U(s 2 )f }(y 2 ,q 2 ). 



It is only this term which slows down the time decay rate. In this current proof we 
will only make a basic argument to show that this term can naively exhibit first 
order decay. Since all the momentum variables are comparable, we have 

\Ri(f)(t)\< [ dqx \k*(p, qi )\ [ dq 2 \kX( qi ,q 2 )\ 



X 1 |bl<l?l|<2b| 1 i| 9l |<|g 2 |<2|g 1 | 1 ^ 



X ds.e^"^-^ ds 2 e- c ^^-^\{U{s 2 )f }{y 2l q 2 )\. 



Next using similar techniques as in the previous two estimates, including Proposi- 
tion [43J twice, we obtain the following upper bound for any fc € [0, 1]: 

wM\R^f){t)\ < ^III/IIIm J dqi q w b/2 - C e-^-<^ 

x / dq 2 q w b ^e-^l W2+2S { qi )f Q (1 - 

<S^(i+r fe iii/niM- 



lo (l + (si-.s 2 )) 1+5 (l + .s 2 ) fe - M 2 ^ 
In the last line we used the fact that we have chosen 8 > to satisfy S < C where 
C > is defined in the statement of Lemma 13.21 In Section [HI we will examine this 
term at length to show that (|4.15[) actually decays "almost exponentially." 
We are ready to define the second term in our splitting of H^. It must be 



H l 5 ow (t,x,p) = 1\ p \<m I d qi k x (p, qi ) I dq 2 k x ( qi ,q 2 ) 

J\qi\<M Jr 3 

x / dsi e- v ^t- S i) P ds 2 e-^^- s ^{U(s 2 )f }(y 2 ,q 2 ). 



For any small k > 0, we further split this term into two terms, one of which is 
H l ° w > R (t,X,p) d ^ [ d qi k*(p, qi ) f dq 2 k*{ qi ,q 2 ) [ K d Sl e -"W(*-0 



J\qi\<M Jr 3 Jo 

x%m r ds 2 e-"^^-^ {U(s 2 )f }(y 2 ,q 2 ) 



i Sl e -"G»)(*-«i) 



/ dqi k x (p,qx) / dq 2 k x (q 1} q 2 ) / ds 

J\qi\<M Jr 3 Jk 

x 1 N < M / 1 ds 2 e -"C«i)(«i-») {U(s 2 )f }(y 2 ,q 2 ). 



The other term in this latest splitting is defined just below as H l 5 ow ' 2 . On this 
temporal integration domain s\ — s 2 < k. Since we are proving uniform bounds, it 
is safe to assume when proving decay that t > 1 for instance. 
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Since p and qi are both bounded by M, from Lemma 13. II we have 
(4.16) l| P |<Ml| gi |<M e -Kp)(t-si)-K9i)(si-s2) < e -c(t- 82 )/M^_ 

Then for the first term in }j l ° w > K above multiplied by wi{p) we have the bound 



w t (p) d qi \k x (p, qi )\ I dq 2 \k*(q u q 2 )\ \ ds, e^ (p ^ s ^ 

J\qi\<M 



x 1 N < M / ds 2 e-^)( S i- S2 ) \{U(s 2 )f }(y 2 ,q 2 )\ 
Jo 

<C M \\\f\\\a,i f d Sl I" ds 2 e- c ^/ MW2 



< C M K 2 \\\f\\\o,i e - ct / Mb/2 e c ^ MW2 < C M K 2 (l+t)- k 



We have just used f|4. 8[) . We obtain the desired estimate for the above terms by 
first choosing M large, and second choosing k — k(M) > sufficiently small. 
For the second term in }{° W ' K multiplied by u>t{p) for any k > we have 

Wl {p) ( d qi \kX(p, qi )\ f dq 2 \kX(qi,q 2 )\ f d Sl e-^-^ 

J\qi\<M JR 3 Jk 



x l |p| < M / ds 2 e-KaOC-!—) \{U(s 2 )f } (y 2 , q 2 )\ 

J S± — K 

<CW|||/||| M /* d Sl f 1 d S2 e^^)/^ /2 e^(---)/^ /2 (l + .s 2 )- fc . 

J K J S 1 — K. 

Since S2 £ [si — s±] and k G (0, 1/2), then (1 + S2) > (§ + si) . We have 

<c w «|II/IIIm /' e - c(t - sl)/M6/2 (i + S i)- fe 



<CMK(l+t)- fc |||/||| M . 

In the last step we have used (|4.8[) and Proposition 14.51 We conclude the desired 
estimate for fj l 5 ° w - K by fi rs t choosing M large, and then k > sufficiently small. 
The only remaining part of H l 5 ow (t,x,p) to be estimated is given by 

H l 5 ow ' 2 (t,x,p) d = f f dqikX(p,q x ) f dq 2 k*{q u q 2 ) f ds x e^X*-*) 

xl H < M r " ds 2 e-^^-^{U(s 2 )f }(y 2 ,q 2 ). 



With all of the H^ lgh and i?! ™ terms defined above, we remark that (|4. 13|) holds. 

We now estimate H l 5 ow ' 2 . Since p and q\ are both bounded by M, from Lemma 
13.11 we still have (|4.16p . For any j > 0, Lemma I3~121 implies the following bound 

dqi / dq 2 \w j (q 2 )k x (p,q 1 )k x (q 1 ,q 2 )\ 2 < C M . 
'|«i|<M JR 3 

Indeed if \q 2 \ > 2|gi| then as in (|4.10[) we can prove this bound. Alternatively if 
I92I < 2|<7i| then Wj(q 2 ) < Cujj(qi) < Cl\P h l 2 and the bound above also holds. 
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We use the above and Cauchy-Schwartz to estimate the momentum integrals: 
dqik x (p,qi) / dq 2 k x (qi, q 2 ) {U(s 2 )f } (2/2, 92) 

\qi\<M JR 3 



1/2 

< 



dq x I dq 2 \wj{q 2 )k x (p,qi)k x (qi,q 2 )\ 2 



\ qi \<M 

X / dq x / dq 2 \w-j(q 2 ){U(s 2 )f }(y 2 ,q 2 )\ 

\J\qi\<M 



1/2 

2 I 



< C M / ci?i / dq 2 \w-j(q 2 ) {U{s 2 )f } {y 2 , q 2 )\ 
\J\h\<m 



v 1/2 
2 1 



That step was significant to yield rapid polynomial momentum decay We change 
variables qi — > y 2 on the dq\ integration with y 2 given by (|4.5|) . Then 

(4.17) 3^) =-{8 1 -8 2 )( S ™« t °- 9lm91 ' 



d <llJ m n V 9l0 

This is a 3 x 3 matrix with two eigenvalues equal to — j an d a third eigenvalue 



nven by — (si — sol — i*^ = — ^V-^. Thus the Jacobian is 

rfy2 



dgi 



Sl - S 2 )| 3 > ^ K 3 



5 M 5 ' 



This lower bound holds on the set |gi| < M, s 2 £ [0, s\ — k] and si £ [k, t] so that 
si — s 2 > k. After application of this change of variables we have 



dqi I dq 2 \w- 3 (q 2 ) {U(s 2 )f } (y 2 ,q 2 )\ 

I<?iI<at 



\ 1/2 
2 \ 



< 



^f^f) 7 (f d V* I dq 2 \w- 3 {q 2 ){U{ S2 )f a }{y 2 ,q 2 )\ 2 \ 

V K J \J\V2-x\<C{t-s 2 ) JR 3 J 

M 5 \ 1/2 , , Q/0 , / /• , /■ , , , „ 9 \ 1/2 



K 3 



) {l + (t- S2 ) 3/2 } ( f dy 2 f dq 2 \w^(q 2 ){U(s 2 )fo}(y 2 ,q 2 )\ 2 ) 
/ \Jt 3 Jr 3 J 

= C(M, k){1 + (t- s 2 ) 3 / 2 }\\ {U(s 2 )f } Ha.-j. 
Putting together all of these estimates, in particular using (|4.16|) . we have shown 

Mp)H l r 2 < C K . M f d Sl ds 2 e -c(t- Sl yM^ e -c( Sl - S2 )/M-^ 

Jk Jo 

x{l + (t^ S2 ff 2 }\\{U( S2 )f }\\ 2 ^ 
<C K , M f dsx e -^(*-0/^ a /* d32 e -§(t- ai )/MV % _s (si _ S2)/ MV 2 

x{l + (t- 52 ) 3/2 }||Ms2)/o}||2^. 
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Notice that the first exponential controls the si time integral, and the second and 
third exponential control the remaining time integral as follows 



w e (p)H 5 



low. 2 



<c K 



d32 e -%(t-s 2) /M^ {l + {t _ S2) 3/2 }|| {U{s2)fo} || 2) _ . 

<C kM f ds 2 e-Z<- t -»V Mb "\\{U(8 2 )fo}h,-j. 



That was the last case. Adding up the individual estimates for H^ iah and Hlf w 
in (|4.13[) completes our proof after first choosing M large enough and then second 
choosing k sufficiently small. □ 



5. Nonlinear L°° Bounds and slow Decay 

Suppose / = f(t,x,p) solves (|2.1[) with initial condition f(0,x,p) = fo(x,p). We 
may express mild solutions to this problem (|2 . 1 [) in the form 

(5-1) f(t,x,p) = {U(t)f }(x,p)+N[f,f](t,x,p), 

where we have used the notation 

JV[/i,/2](t,s,J>) = ! ds {U{t- s)T[h{s),h{s)]}{x,p). 
Jo 

Here as usual U(t) is the semi-group (|4. 1[) which represents solutions to the linear 
problem (|2 . 1 1 [) . The main result of this section is to prove the following 

Theorem 5.1. Choose I > 3/6, k G (1/2,1]. Consider the following initial data 
fa = fo{ x -,p) S Lf^_ k (T 3 x R 3 ) which satisfies (|2.6p initially. There is an if > 
such that if ||/o||oo,£+fc < V> then there exists a unique global in time mild solution 
(|5.ip . / = f(t,x,p), to equation (|2.ip which satisfies 

\\ f Woo At) <c Lk {i + t)- k \\f Q \\ oo,£+k- 

These solutions are continuous if it is so initially. We further have positivity, i.e. 
F = ti + ^lf>0,ifF o = f i + Vm/o > 0. 

In Thcorcm l7.1[ which is proven in the Scction[7l we will show that these solutions 
exhibit rapid polynomial decay to any order. Notice that our main Theorem [2TT] will 
follow directly from Theorem 15.11 and Theorem 1 7. II To prove this current Theorem 
15.11 we will use the following non- linear estimate. 

Lemma 5.2. Considering the non-linear operator defined in (|2.5|) with (|2.7[) . we 
have the following pointwise estimates 

\wt(p)T(hi,h 2 ){p)\ < f(p)||/ll||oo ) /||^2||oo,<- 

These hold for any £ > 0. Furthermore, \\T(hi, h2)\\ QO e+1 < ||^i||oo,«||^2||oo.f ■ 

The lemma above combined with Proposition 14. 51 will be important tools in our 
proof of Theorem 15.11 We now give a simple proof. 

Proof of Lemma\53 We recall (|23|l . ([2J5]) . and $2J)$). For £ > 0, it follows from 
(HU) that 

Mp) <Po /2 < (Po) a/2 (%) a/2 < mtf)w t tf). 
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A proof of this estimate above was given in [24l Lemma 2.2]. Thus 



w t (p)\T{h u h 2 )\ < I dudqv a(g,0) y/J{q) w t (j/)w e ^)\h 1 (j/)h 2 (q')\ 

s xS 2 



dudq v a(g,9) \J J{q) w t (p) \hi(p)h 2 (q)\ 

'xS 2 

< ||/ii||oo^||/i2||oo^ / dudq v a(g,9) J 1/2 (q) 

JR 3 xS 2 

^ ^(p)||^l||oo,c|l /l 2||oo,f- 

The last inequality above follows directly from Lemma 13.11 since both the inte- 
gral and v{p) have the same asymptotic behavior at infinity. That yields the 
first estimate. For the second estimate we notice from the first estimate that 
w i+ i(p) \T(hi,h 2 )\ < Wi{p)v{p)\\h 1 \\ a0j t\\h2\\oo,t- But wi{p)v{p) < 1 from Lemma 
3.11 and (|2.9j) . This completes the proof. □ 

We now proceed to the 



Proof of Theorem \ 5.1\ We will prove Theorem 15.11 in three steps. The first step 
gives existence, uniqueness and slow decay via the contraction mapping argument. 
The second step will establish continuity, and the last step shows positivity. 

Step 1. Existence and Uniqueness. When proving existence of mild solu- 
tions to (|5.1[) it is natural to consider the mapping 

M[f] d = f {U(t)f }(x,p) + N[f, f](t, x,p). 
With the norm (|2.10j) , we will show that this is a contraction mapping on the space 

Af& = {/ € L°°([0,oo) x T 3 x M 3 ) : |||/||| M < R}, R> 0. 

We first estimate the non- linear term N[f, f] defined in the equation display below 
([5Tj) . We apply Theorem ED with £ > 3/6, and k e (1/2, 1] to obtain 

wi{p)\N[f u h]{t,x,p)\ < I ds w e (p)\{U(t-s)T[f 1 ( S ),f 2 (s)}}(x,p)\ 

r[/i(*),/ a (*)]IL, <+fc . 



< 



ds 



(l + t-s) k 

Next Lemma [5721 allows us to bound the above by 

ds 



< 



ll/l( S )l!oo,£+fe-lll/2('S)ll 00 ^ +fc _i- 



/ (l + t-s) k 

From Proposition 14. 51 and the decay norm (|2.10j) we see that the last line is 

ds 



< lll/i||lwlil/2||lw 



(l+t-s) k (l + s) 



2k 



<(l + i)" fe HI/illlMlll/2||lM- 



We have shown 

< 



|||JV[/i,/2]|||m - 



To handle the linear semigroup, U(i), we again use Theorem 14. II to obtain 
ll|M[/]||| M <Q jfc (||/o|| 00 ,, +fc + 
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We conclude that M[-] maps into itself for < R chosen sufficiently small and 
c -g- 1 1 fo I loo £+fc < 2C1 ' ■ ^° obtain a contraction, we consider the difference 

M[h] - M[f 2 ] = N[h - h, fi] + N[f 2 , h - h]. 

Then as in the previous estimates we have 

\\\M[h] - M[f 2 ]\\\ki < Ct k (IH/iIIIm + |||/ 2 ||M Hl/i - /alllv 

With these estimates, the existence and uniqueness of solutions to (|2.1j) follows 
from the contraction mapping principle on Mj^ t when R > is suitably small. 
Step 2. Continuity. We perform the estimates from Step 1 on the space 

Kf = if e c °(i°^) x T ' 3 x r3 ) : III/IIIm < R h R> o. 

As in Step 1, we have a uniform in time contraction mapping on M^f for suitable 

R. Furthermore M[f] is continuous if / £ M^f and fa is continuous. Since the 
convergence is uniform, the limit will be continuous globally in time. This argument 
is standard and we refer for instance to [2111211155] for full details. 

Step 3. Positivity. We use the standard alternative approximating formula 

(d t +p- V x )F n+1 +R(F n )F n+1 = Q+(F n ,F n ). 

with the same initial conditions F n+1 \ t _ Q = Fq = J + VJfo, for n > 1 and 

for instance F 1 = J + \[j f . Here we have used the standard decomposition of 
Q = Q + — Q- into gain and loss terms with 

Q^(F n+ \F n ) = R(F n )F n+1 , 

and R(F n ) = Q_(l,F n ). If we consider F n+1 (t,x,p) = J + \flf n+1 {t, x,p), then 
related to Step 1 we may show that f n+1 (t 7 x 7 p) is convergent in Lf on a local 
time interval [0, T] where T will generally depend upon the size of the initial data. 
In particular f n+1 (t,x,p) = F ^ J satisfies the equation 

(d t +p ■ v x + v(jp)) r +i = Kin + r + (.r, n - r_(.r+\ n- 

We rewrite this equation using the solution formula to the system (|4.2[) as 

P +1 =G(t)f + C(f n+1 J n ). 
This solution formula G(t) is defined just below (|4.2p . Furthermore 

C(f n+ \ f n )= [ dsG(t-s)K(f n ) 
Jo 

+ I ds G(t - s)T + (f n , /") - G(t - S )r_(/" +1 , /"). 
Jo 

For given T > and R > we consider the space M^([0, T]) defined by 

{/ 6 L°°([0,T] x T 3 x M 3 ) : ess sup„< t < r (l + t) fe ||/W||oo,£ < R} ■ 

Now given f n <E M^([0,T]) and H/olU^+fe < 5c^7 with R > ch °sen sufficiently 
small, as in Step 1, we can prove the existence of f n+1 G M k e ([0,T]). 

With the estimates established in this paper, it is now not hard to show that 

sup nr +i - r\\ LT {t) < ct sup nr - r _1 ikrW- 

0<t<T 0<t<T 



44 



ROBERT M. STRAIN 



Here T > is sufficiently small, and the constant C > can be chosen independent 
of any small T. Therefore there exists a T* > such that /" — > f uniformly in Lf 
on [0,T*]. This will be sufficient to prove the positivity globally in time. 

Indeed if F" > 0, then so is Q+{F n , F n ) > 0. With the representation formula 

F n+1 (t,X,p) = e ~ ft dsR(F")( s ,x-p(t-s),p) Fo ( x ^pt^ p ) 

+ [ ds e~ dTR(F")( T ,x-fi(t-T),p) ^«)( Sj x -p(t- S ),p). 

Jo 

Induction shows F n+1 (t, x,p) > for all n > if Fq > 0, which implies in the 
limit n — > oo that F{t,x,p) = J + \/~J f(t,x,p) > 0. Using our Lf uniqueness, 
this is the same F as the one from Step 1 on the time interval [0,T*]. We extend 
this positivity for all time intervals [0,T*] + T*k for any k > 1 by repeating this 
procedure and using the global uniform bound in Lf from Step 1. □ 

6. Linear L°° rapid Decay 

In this section wc prove that the linear semi-group (|4.1I) exhibits rapid polynomial 
decay in Lf. For any k > 1 we will discover a kl = k'(k) > k such that 

(6.1) l|{tf(t)/o}||oo,/ < C /lfc (l + t)- fc ||/o||oo, W . 

The main obstruction to proving such rapid decay in this low regularity Lf frame- 
work was the term (|4.15j) which came up during the course the proof of Lemma 
14.41 In this section we perform a new high-order expansion of this remainder which 
allows one to prove rapid decay as follows. 

Proposition 6.1. Consider Ri(f)(t) defined in (|4.15j) . Choose £ > 3/6. For any 
small i] > 0, and any k > 1, there exists a k' — k'(k) > k such that 

w e (p) \Ri(f)(t)\ < + *r fe |||/lllM + Ct,v,r,(l + tr k \\fo\\oc,i+k>- 
The power k' can be explicitly computed from the proof. 

The crucial difficulty with proving rapid decay for the soft potentials is caused by 
the high momentum values, for which the time decay is diluted by the momentum 
decay. This causes the generation of weights on the initial data, typically one 
weight for each order of time decay. In the proof below we are able to overcome 
this apparent obstruction by performing a new high order expansion for R\(f) 
which is explained in detail at the beginning of the proof. 

We will first show that Proposition [6U] implies (|6.1|) . We use the expansion (|4.4ll 
and the semi-group notation fit) — {U(t)fo}. We now see that Lemmas 14.21 14. 3( 
and 14.41 together imply that for any 77 > and k > 1/2 we have 

||/IU,*(t) < C/.fcCl + t)- k \\fo\\ooj +k + f (1 + t)- k \\\f\\\ k/ + w t (p) \Ri(f)(t)\ . 

Here we use (|2.10|) . Then Proposition 16.11 further implies for some k! > k that 

w t (p) \Ri(f)(t)\ < C lXn (l + tr'WMUe+k, + |(1 + i)" fc |||/||| M . 

Equivalently 

IH/IIIm — ^e,k'\\fo\\oo,e+k'- 
This is the desired decay rate for the Lf norm of mild solutions to the linear equa- 
tion (|2.11j) . which proves (|6.1|) subject to Proposition EHJ In the rest of this section 
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we prove this crucial new proposition. 

Proof of Provosition \6.1\ Wc will prove this lemma with a new high order expansion 
of (|4.15|) by iterating the the semi-group (|4.3[) . For ease of exposition we write 

k£(p, 3i ) = k x (p, 9i)li|p|<| gi |< 2 |p|- 

Recall that li| p |<| gi |<2|p| i s ^ e function which is one when ^\p\ < \qi\ < 2\p\ and 
zero elsewhere. We will use similar expressions for k~ with different arguments. 
Then we may split (|4.15j) as 

Ri(f) = S 1 (f) + L 1 (f) + R 2 (f). 

For any small k > we choose n\ = k and k 2 = ki/2 so that 

Si(f)= r dsx e-'W*-^ f d Ql kl(p, qi ) l high r ds 2 e -"(9i)(«i-*) 
Jo Jm 3 Jo 

x / dq 2 kx(qx,q 2 ) {U{s 2 )f Q }(y 2 ,q 2 ), 
Jm. 3 

Li(f)=[ ds 1 e-^ t ~^ f dq 1 kl{p,q 1 )l high H ™ ds 2 e -K9i)C-i-* a ) 
Jm Js. 3 Jo 

x / dq 2 k*(q 1 ,q 2 ) {U(s 2 )f }(y 2l q 2 )- 

Jm. 3 

Then we may define the remainder term as 
Mf) = I d Sl e -"Cp)(*-i) f dqi kjx(p, qi ) l high r ds 2 e-^^-^ 

J ki Jm 3 Jsi-K 2 

x / dq 2 kx(q x ,q 2 ) {U(s 2 )f } {y 2 ,q 2 ). 
Jm 3 

Our notation above is from the proof of Lemma 14.41 in particular (|4.14|) . We will 
show that the first term S\(f) exhibits rapid decay in Lf. The last term L\{f) is 
bounded in L 2 which further has rapid decay as in Theorem 13.71 

We will notice first of all that the term R 2 {f) naively exhibits second order 
polynomial decay. However if wc continue the expansion then we can obtain higher 
and higher order decay rates as follows. We may expand 

Mf) = Gi(f) + D 2 (f) + N 2 (f) + L 2 (f) + R 3 (f). 

Now each of the terms G 2 (f), D 2 (f), N 2 (f), and L 2 (f)- to be defined below-will 
exhibit (for different reasons) high order polynomial decay right away again at a 
cost of momentum weights on the initial data. The term Rs(f) will clearly exhibit 
third order polynomial decay, however we may continue this expansion at each level 
so that at level k we can again expand 

MS) = Gk(f) + D k (S) + N k (f) + L k (f) + R k+1 (f). 

As in the initial case each of the terms Gk(f), Dk(f), Nk(f), and L/c(/)-which 
are denned recursively-will exhibit high order polynomial decay. The last term 
Rk+i(f) will have fc+1 order polynomial decay. This expansion is well defined and 
can be continued to any order, which yields rapid decay. 
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We define the 2nd order terms by plugging the iteration (|4.3|) into R 2 (f), using 
the expansion of K = K x ~ x + K x with (|3.1[) . and splitting the remaining time and 
momentum integrals in the following useful way. For k 3 = k 2 /2 = ki/2 2 , wc define 

G 3 (J) = [ d Sl e -"W(*-0 f dqx k*(p, qi ) l high f * ds 2 e -"(«i>('i-*) 

i«i JR 3 Js 1 -k 2 

x dq 2 k*(qx,q 2 ) {G(s 2 )f } (2/2,92), 

JR 3 

t 



£ 2 (/) = / d»l e^^ (p)(t - Sl) / dgi fc*(p, ?1 ) l Ml ,fc / ds 2 e^X 8 ^) 
x/ dq 2 kUqi,q 2 ) [" ds 3 e -M^-^K x -^ {U(s 3 )f } (y 3 ,q 2 ). 

JR 3 JO 

Furthermore 

iV 2 (/) = /"* d*i e-"W(*- Sl ) / <% fc£(p,gi) l high H ds 2 e^teX-i-*) 



x/ dq 2 kl{q 1 ,q 2 ) / " <fe 3 eT^H^s) / A2(ga,(fe) M* 3 )/o} (»3,<&), 



i 2 (/) = /' d»i e-"W(*- Sl ) / dg x fc£(p, ?1 ) l fcilffc ds 2 e^X*^) 

JR 3 Js 1 -k 2 
xf dq 2 k*( qi ,q 2 ) I' ^ ds 3 e-^^- s ^ 



x dq 3 h* (q 2 ,q 3 ) {U(s 3 )f } (2/3, <?3)- 

JR 3 

And the remainder is given by 

W) = / ds i e-^W(*- Sl ) f d qi kUp,qi) lhigh r ds 2 e-'foiX-i-.) 

Jsi JR 3 Jsi-K 2 

xf dq 2 kl(qi,q 2 ) [" ds 3 e -"(»)(«>-«3) 



x/ dg 3 k*(q 2 ,q 3 ) {U{s 3 )f } (y 3 , q 3 ), 

JR 3 

where above 2/1 and 2/2 are defined in (|4.5[) . and more generally 

(6.2) j/j+i = 2/1 - <?i(si - s 2 ) qi(si - s l+1 ) 

= x-p(t- si) - gi(si - s 2 ) qi(st - Sj+i). 

So that in general for i > 1 we have 

2/ i+ i = t/i - gi(sj - s,:+i). 

Furthermore fc x (p, q) = fc^ (p, q) + (p, g) with the notation 

k^(p,q) = k x (p,q) (l|p|> 2 | 9 | + 1|«|>2| P |) ■ 

Now we will develop a collection of notations in order to put this expansion into a 
general framework and appropriately define the high order terms. We consider the 
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sequence {n} where for i > 1 we define K4+1 = Ki/2 with a small Ki = n > as 
above so that Ki = k/2 1 ~ 1 . For i > 1 we can now define 

A(f)(t,x,p,{ K }) = f dax e- v <*)<t-».) f dqi fc*(p,gi) Uigh /(*i,Vi,gi), 
Bi+i(f)(si,yi,qi,{K}) d = dq 2 k*(q 1 ,q 2 ) ■ ■ ■ / %+i ©+1) 
x f 1 ds 2 e -^)( S1 -«2)... r ds . +1 e-"<«K--«+ 1 >/(* m , W+1 ,g i+ i). 

J S\— K.2 J 8% — Ki-\-\ 

To finish off our expansion we further define 

G(/)( S ,^) = G(.s)/o(y,g), 

£>(/)(*+!, Ifc+i.fc+x)" ds l+2 e-Kft+OC-i+i-^) 

Jo 

xK 1 " x {[/(s ?;+2 )/o} (j/i+2,gi+l). 
Above we recall that G(s) is defined just below (|4.2[) . Additionally 

N(f)(s i+1 ,y i+1 ,q i+1 ) d ^ d S?;+2 e -(« +1 )(^ +1 -^+2) 

Jo 

x / dq i+2 k^(q i+ i,q l+2 ){U(s t+2 )f Q } (y i+2 ,q t+2 ), 
Jr 3 

L(f)(s i+1 ,y i+1 ,q i+1 ,{K}) = ' 2 ds i+2 e -"<*+ 1 ><«+ 1 -«+ a > 

Jo 

dgi+a fc~(ft+i,gi+2) {J7(sj +2 )/o} (y i+ 2,qi+2)- 
Then we may use this notation to write 

G 2 (f) d = f A(B 2 (G(f)))(t,x,p,{K}), D 2 (f) d = t A(B 2 (D(f)))(t,x, Pl { K }), 
N 2 (f) d = f A(B 2 (N(f)))(t,x,p,{ K }), L 2 (f) d = f A(B 2 (L(f)))(t,x,p,{ K }), 
Mf) = A(B 3 (f))(t,x,p,{ K }). 
We iteratively define the higher order terms of this expansion for i > 2 as 

Gi(f) ^AfriGWmxMiK}), A(/) = A(Bi(D(f)))(t,x,p,{K}), 
2V,(/) d = f A(fi i (JV(/)))(t,x,p,{«}), = A(fl i (L(/)))(t,x,p,{«}) ) 

i? t+1 (/) d = f A(i? l+1 (/))^.T,p,{4). 

This expansion works to high order using (|4.3p which implies 

= B l G + BiD + B l N + B t L + B i+1 , i>2. 

This completes our general discussion of the expansion formula, and our strategy 
for obtaining the desired decay. In the following we prove the claimed time decay 
estimates for each term in a general framework. 
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We initially estimate the main term, Rk+i, with k > 1. We claim that 
(6.3) we(qi) \B k+1 (f)(s 1 ,y 1 ,q 1 ,{n})\ 

<w. Hl+0 ( qi )\\\f\\\ k+1 , e r ds 2 e — (1 + S2 )- 



v-fc-l 

as 2 e - — ' -t- s 2 

This claim f|6.3p would imply with Lemma 13.21 that 

w t {p) \R k+ i(f)(t,x,p, {4)| = w e (p) \A(B k+1 (f))(t,x,p, {k})\ 
ft 

< 



fe+i, 



^ e -"W(*-«0 / dgi |**(p,«i)| lfcH,fc«;_ fcC1K) (gi) 

3 

ds 2 e^fo)^-"*) (l + s 2 ) _fc_1 



X 



w_ (fc+ i )(1+0 (p) _ [* _ 

We have used that Si w s 2 for k sufhciently small, and also e~ cv ^ qi ^ Sl ^ S2 ^ < 1 since 
s\ — s 2 > 0. We have additionally used the fact that the momentum variables are 
comparable because of the support condition for k~ . The large M comes from the 
support of lhigh i n (|4.14[) and Lemma 13.21 Furthermore 



t 

k+1 . e I ds t (l + t-sx)-*- 1 "' + 



~ ( 1 + t "> k 1 



We have additionally used (|4.8p and then Proposition 14.51 For M 1 chosen 
sufficiently large, this is the desired estimate for R k +i- 

We now prove the claim from (|6.3p . Since all of the momentum variables are 
comparable in this operator we have the following iterated estimate 

(5_4) g-"(3i)(*i-*2) . . . e -v{lk)(Sk-Sk+x) < e -Cv( qi )(t-s k+ i) _ 

This uses in particular Lemma I5TT1 We use (|6.4[) to obtain 
we(qi) \Bk+i{f)(si,yi,qi,{n})\ 

<|||/|||fc +M / dq 2 m qi ,q 2 )\ ■■■ [ dq k+1 ( Sfel %+l)| 
ds 2 e -"C«i)(»i-» a ) ... f d Sk+1 e -K<?*)K-^+i)(l + Sfc+i)-^ 1 



X 



si — K 2 J s k -K k + 1 

<\\\f\\\k+i,e / dq 2 \k*(qi,q 2 )\- ■ ■ / d<j fc+ i q k+ i)\ 



3 



X 



ds 2 ■■■ ds k+1 e -<M*)<-i-*+i)(i + .fc+x)-^ 1 . 

SI — «2 Js k -K k+1 



We sub-claim that Lemma 13.21 can be used to control the momentum integrals as 
(6.5) / dg 2 \k*(qi,q 2 )\--- dq k+1 \k^(q k , qk+l)\ % W- k (i+c)(Qi)- 
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The trick used in this estimate is Lemma [3721 combined with q\ — q 2 — > q 2 to obtain 
dq 2 \kUquq2)\<w_ {1+0 ( qi ) [ dq 2 e"^ . 



We can do that k times starting with the dqk+i integral and iterating backwards 
(using the essential point that all the momentum variables are comparable) to 
obtain the sub-claim. Now by the definition of the sequence {«} we can say that 
Sk+i < s 2 for k > 1 and more generally (on the integration region of Bk+i) 



Sk+l > Sk - K k +1 > S 2 - K3 - ■ ■ ■ - K k 



+1 



,1 1 \ K 1 

So — K [ 1 • H r >S2 > So . 

4 2 k J ~ 2 ~ 4 



Thus for n < 1/2 we use these estimates above to obtain 



ds 2 ■■■ H ds k+1 e- c ^^- Sk +^(l + s k+1 )- k - 1 

Sl—K 2 Js k —K k + 1 

< 



Kk+i ■ • • « 3 jT ds 2 e — Q + s ^ 



Collecting the estimates above proves the claim (|6.3I) . 
To estimate the first term above, Si, we obtain 

we{p)\Si(f)(t)\<we(j?) / t% |fc*(p,gi)| / d<? 2 l&g (91,32)! 

JR 3 JR 3 

x P d«i e -"(f)(*-0 r 1 ds 2 e-^ 1 )( sl -^|{C/( S2 )/o}(y2,?2)|. 
Jo Jo 

Now we use (|4.8p , and Lemma 13.11 to observe that 

(6.6) e~ u{p)t <w k (p)(l + t)- k . 

Furthermore f* 1 dst e u ^ Sl f* 1 ds 2 e^ta)^-^) < n\. We thus have 

^(p)|5i(/)(t)|<«f(l + *r fc |ll/lllo./ + fe / d Ql \kx(p, gi )\ 

Jr 3 

W k (p)lhigh 



x / dq 2 \k^{q 1 ,q 2 )\ 



w k (q; 



2) 

< «f(i+*r fc i| f H 

~ X/X ll/o||oo,M-fc- 

We have used the uniform bound from Theorem 14.11 with no decay and the bound 
for \k x \ from Lemma \3. 21 and (|4.14[) . This is the desired estimate for Si. 

We continue with an estimate for Li{f) with i > 1. For all of the terms below 
we switch from the notation of k to the notation of i to indicate that the decay of 
each of these terms will not depend upon the index of the term, which is contrary 
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to the decay of the Rk terms above. We estimate from above 



Wi(p) \Li{f)\ < w tip) / dqx k*(p, g>i) • • • / dq i+1 q l+1 ) 



xf dsie~ u{p){t - Sl) I f 1 ds 2 e-^ q ^- s ^ ■ ■ ■ [ ' 1 d*e-"<*-i)C—-'i)] 

•/ V J Si— K2 JSi — i — Ki I 

xlhigh P ds i+1 e- v ^ s *- s ^\{U(s i+1 )f }(y i+1> q i+1 )\. 
Jo 

The term in parenthesis above would be simply unity in the case of L\. Since all 
the momentum variables are comparable, we control the time integrals as 

ds^-"^-^ I 1 ds 2 e - y{qi)(sl - S2) ■ ■ ■ I ' 1 d Sl e -"(8i-i)(»i-i-«i) 

1+1 ds 4+1 e -"(«i)(»«-*+0 

o 

<(«2---Ki) / dsi / ds i+ i e-^Wft-i+O. 

Jki JO 

We have used f(<?j) > Gq^ 2 from Lemma ETTI « p b ^ 2 , and g.,o b/ ' 2 — ^"Po 
these estimates hold for any j g {1, . . . We have then used an estimate analo- 
gous to (|6.4p . Furthermore 



X 



< K^" 1 (1 + t) / ds l+1 e -<7"(p)(t-««+0 



n 



o 



These estimates follow from the definition of the sequence {k} as well as Lemma 
O together with in the form for any j > 0. 

Next we use Cauchy- Schwartz to estimate the following two integrals 



< 



1/2 

|2 



3.7) Wi +j (q i+ i) dqi\kX(qi-i,qi)\ 

JR 3 

x / dq l+1 \kX{q t ,q l+1 )\\{U(s t+1 )f }(y l+1 ,q t+1 )\ 

d% / dq i+1 |w 2 ('?i+l)fc~('3 , i-l,gi)fc~('?i,'? J +l)| 
JR 3 

x ( / % / %+i |^ + j_ 2 (g i+ i){C7(s i+ i)/o}(2/i+i,9i+i)| 

Above Zi = f {<z«+i : \\qi\ < |<7*+i| < 2|tft|}. Also in the case i = 1 we consider 
gj_i = p. For now we focus on the second set of integrals involving the semi-group. 
We apply the change of variables qi — > yi+i on the dqi integration with yi+\ given 



1/2 

2 
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by ()6.2|) . Notice that similar to (|4.17[) the 3x3 matrix Jacobian is 



dy 



1+1 



= —(Si 



Si+1, 



2 

ran y-iO 



yim Qi'. 



a 3 



We recall qi = {qn,qi2,qi3) with g^o = v/l + 1 9; 1 2 ■ This Jacobian matrix has two 
eigenvalues equal to l£i^£i±i) ; anc j a third eigenvalue which is given by — (s, — 

2 I 1 2 

St+i) gi0 ~J 9 = — (sj — Sj+i)-s-- Therefore the Jacobian determinant is 



9,0 



dy, 



+i 



*t+i 



a 5 
'lit) 



> 



o5„5 <)5+3i n 5 
Z q (i+l)0 Z *(i+l)0 

This lower bound holds on the region q^ < 2q( i+1 ) , Sj+i € [0,Sj — /Cj+i]. Fur- 
thermore we have used that — s,+i > Kj+i; this temporal estimate holds on the 
integration region of Li. These estimates explain the lower bound for the Jacobian. 
Notice while the old variable qi occupies the whole space, the new variable yi+\ 
satisfies the estimate 

\Vi+l -x\< \p(t - Si) + q^S! — s 2 ) H h qi(si - s l+1 )\ 

<C((t- Si) + (*! - S 2 ) + ■ ■ ■ + ( Si - s i+1 )) <C(t- s i+1 ) . 

We remark that this procedure would not hold in the non-relativistic situation, 
since in that case we do not have bounded velocities. In particular, because of 
relativity, the mapping qi — > yi+\ sends K 3 into a bounded domain (for any finite 
t). After application of this change of variables, denoting y^i = y, we have 



dq, 



R3 

< 



dq l+1 |ti^ +J -_ 2 (gi+i) {U(s i+1 )f } (y i+ i,q i+ i)\ 
dq. 



dy 



\y-x\<C(t-s i+1 ) 
3 



dy 



dqi+i \wi +j - 2 (qi+i) {U(s i+ i)f } (y,qi+i)\' 



z, 



< 



(l+t-fl i + i)- 

K 3/2 



dy 



dq i+1 w 2 e+2j-4+io/b{qi+i) \{U(s i+1 )f } (y,q i+ i)Y 

i 

= C(k) (1 + 1 - s t+1 f || {U(s i+1 )f } \\l e+j _ 2+5/b . 



We have used that qf i+1 \ = Wio/&(?i+i)- This estimate above is the main one for 
the Li(f) terms which allows us to deduce high order decay. 

Since we have used ()6.7[) . for the momentum integrals in i,;, wc are left to control 
the iteration of kernels. We claim the following estimate 



dqi \k£(p,qi)\ 



dqi-i \k*(qi-2,qi-i)\ 



[ dqi [ dq i+1 \w 2 {qi+i)k*{q l ^ ll qi)k*{qi 1 q i+1 )\ 2 l h i g h) ^777- 

Note that if i — 1 then the first term in parenthesis above is simply unity. Firstly, 
from Lemma 13.21 we have 



W2(qi + i)k%{qi-i,qi)k%(qi,qi+i)lhigh 



< 



1 



e ~c\qi- 1 -q i \ e -c\qi-q i+1 \ ^ 



This also uses (|4. 14[) and the fact that all the momentum variables are comparable. 
They key point is then to employ the following series of changes of variables which 
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begins with qi — <j;+i — > qi+i on dqi+i, q%-\ — q% — > qi on dqi, and ends with 
p — qi — > qi on dqi. The end result, with Lemma 13.21 is that 

dqi \kZ{p,qi)\- ■ ■ / dqi-i |fc*(g;_ 2 , qi-i) 



1/2 

dqi I dq l+l e -c\ q ,-i- q ,\ e -c\ qi - qi+1 \ 



<[ dq ie - c ^---[ dqt-! e~ c ^ ( f dq t [ dq l+l e~ 2c ^e- 2c ^+A 

JR 3 JR 3 KJW JR 3 J 



1/2 



< 1. 

Collecting the estimates in this paragraph establishes the claim. 
We gather all of the estimates for to obtain 

w t (p)\Hf)\ <(l + t) f ds i+1 (l + t-s l+1 )-J +3/2 
Jo 

x II {U(s i+ l)fo} Hv+j-2+5/f, 
< \\f h,Z +j -2+5/b+k (1 + t) f d Si+1 (l + t- S l+ i)- J+3/2 (1 + S l+1 )- k - 1 . 



Above we have used the decay of the linear solutions to (|2.1ip from Theorem 13.71 
these solutions are represented by (|4.ip . Then for j > k + 1 + 3/2 and k' = 
j — 2 + 5/6 + k + £' (for any £' > 3/6) we use Proposition 14.51 to show that 

mp) % wfohMv-v c 1 + *r fe ^ 11/01100,/+* (i + ty k ■ 

The last inequality above follows as in (|4.7[) . This is the desired estimate for Li(f)(t) 
which holds for any i > 1 and k > 0. 

It remains to estimate D i+1 {f) 1 and N i+1 (f) for i > 1. First 

to/(p)|(3i+i(/)| < f dqi\k*(p,qi)\l Mgh [ dste-"^-^ 

JR 3 Jk! 

x / dq 2 \k*(qi,q 2 )\- ■ ■ I dq i+1 \k*(qi, q i+ i)\ 
Jk 3 Jr 3 

ds ? e-"^' 1 -") ■ ■ • / ds,.i e -»(*Koi-«+i) 



x ds 2 e -■>/... ds t+ i e 



x wi(q i+ i)e "W<+i;*i+i f (y i+1 - q i+1 s i+ i,q i+ i). 

We have used that all the momentum variables are comparable and the trick from 
(|6.4|) to conclude that the upper bound above is further bounded as 



< 



/ dq 1 \kX(p,q 1 )\l high dq 2 \kl{qi,q 2 )\- ■ ■ I dq i+ i \k*(qi, q i+ x)\ 
Jr 3 7k 3 Jr 3 



I ds t f 1 ds i+1 



-Cv{p)t ll/oll 

w k (q i+1 ) 
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Notice that using the definition of Ki = k/2 1 ~ 1 we have 

ds! [ 1 ds 2 ■■■ r ds i+1 = K *2-' l{l+1)/2 I dsx 
<(! + *)• 

Furthermore, as in (|6.5[) and Lemma \3 . 2 1 with (|4.14|) we have 
dqi \k£(p,qi)\ lhigh 

x / dq 2 \k*{q ll q 2 )\ - ■ ■ [ dq l+1 \k*(qi,q l+1 )\ 



w k (q t ^ 



<^ I < 1 



M 2 ^ w k +i+i{p) ~ w k+2 (p)' 

Moreover, for any k > 0, by (|4.8p as in (|6.6p we have 

e- c ^ <w k+2 (p)(l + t)- k ~ 2 . 

Collecting the last few estimates we obtain 

w e ( P )\G t+1 (f)\ < (1 +tr k - 1 \\f Q \\ ooJ+k . 

This is the desired estimate for Gi+\(f). 

We will now study which satisfies the following general estimate 

wi(p) |D i+ i(/)| < / dqi\k£(p,q{)\--- dq. l+1 \k^(qi,q i+1 )\ 
ds x e-^pM*- 8 !) [ 1 ds 2 e-"(9i)(»i-»2) • • • / " ^s l+1 e -"(80(«*-«*+i) 
xl high w e (p) [ * +1 ds l+2 e -»'(« + i)(«*+i-»*+a) |x 1 -x ( { [/(s4+2 ) /o }) ( j /4+2i(?i+1 )|. 



Since all the momentum variables are comparable, with Lemma 14.61 we have 



</ dqi\k*(p,qi)\ lhigh dq 2 \k£(q 1 ,q 2 )\ ■ ■ ■ / g»+i)| 

,/R 3 JR 3 JR 3 

x / d Sl e-" [p){t - Sl) ( 1 ds 2 e - v ^ 81 - 8 ^ ■ ■ ■ f ' ds 1+1 e -^i-)(».- S .+i) 

«/ Ki J S\— K.2 JSi — Ki-\-l 

xe- cpo |||/||| M ds 4+2 e" ! 'fe+ 1 )^+ 1 - Si + 2 )(l + Si+2 )- fe . 



■7 

For this term Lemma 14.61 would allow a better estimate for the momentum weight 
on |||/|||fc/. As in the estimate for G^+i above, with (|4.14p . we have 

Wl { p )\D i+1 {f)\<^e-^ |||/||| M 

x I ds^- "^-^ [ 1 ds 2 e- Cv ^ sl - s ^ ■ ■ ■ [ 1 ds i+1 e- Cl/ ^ Si - Si +^ 

J K\ J Si — K.2 JSi—KiJfX 

St+1 ds l+2 e- c ^ s ^- s ^\l + s l+2 )- k . 
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We have again used the crucial fact that all the momentum variables are compara- 
ble. Since we have exponential decay, we can iterate the estimates from (|4.8[) and 
Proposition ^. 51 as in (|6.6I) to obtain 



dsi e -Cv{p)(t- S1 ) 



ds 2 e -C^ P )( S l-s 2 ) . . 



ds i+1 e -c^(p)(«i-««+i) 



Si — Ki+l 



s i+ i 



ds i+2 e -^(p)C«* + i-«* + a) (l + Sl+2 )- fe 

< / ' dsi e -c"(p)(*-i) f 1 dS2 e -c.(p)( S1 - S2 ) . . . r dSt+i e -c,( P )( Si - Si+1 ) 

Jo Jo 

Sl+1 d Sl + 2 e -^(p)(« i + l-« i + 2) (l + Si+2 )-fe 

< / d S1 (i + (< - si))-"- 1 n / J c 1 + - 



fe-1 



s i+ i 



xw {k+1)il+2) (p) ds i+2 (1 + (s i+ i - s i+2 )) fc (l + s i+2 ) • 

Jo 

After iteratively applying Proposition 14. 51 we obtain an upper bound of 

< w(k+i)(i+2)(p)(i +tr k . 

Plugging this into the previous estimate we have 
C 



w e (p)\D i+1 (f)\ < w {k+m+2) (p)e- c P"(l + t)- k |||/||| M 



< 



C 



This is the desired estimate for Di + i(f) when M is chosen sufficiently large. 
The final term to estimate is N i+ i(f). In this case we have the upper bound 



m(p) \N i+1 (J)\ < m(p) / d qi \kUp,Qi)\ Ihigh / d Sl e -"&')(*-»0 



x / dq 2 \k*(q 1 ,q 2 )\- ■ ■ dq i+1 q i+1 )\ 



si rsi 

ds 2 e - v{qi){si ~ S2) ■ ■ ■ J ds l+1 e 

fSi + l 



■v(qi)(si-s i+1 ) 



: I ds i+2 e- u ^+^ s ^- s ^ / dq l+2 k*(q l+1 ,q l+2 ) 
o Jm 3 

x \{U{s l+2 )f }(y l+2 ,q l+2 ) 
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We first estimate the time integrals above. Since the relevant momentum variables 
are all comparable, as in (|6.8[) and ()6.6[) we have 



dsi e""^'- 81 ' / ds 2 e - y(qi){si - S2) ■ ■■ ds l+1 e-HnXsi-si+i) 

K2 J Si — K>i + 1 

' ds l+2 e -"(« + i)(»«+i-»* +a )(i + Si+2 )-k 



<W(fc +1 )(i+a)(p)(l + t) k - 
Now for the momentum integrals, from Lemma 13.21 and (|4.14[) we have 



m(p)w(k+i)(i+2)(p) dqxkX(p,qx) dq 2 k^.(q 1 ,q 2 ) ■ ■ ■ dq i+ ik^(qi,q i+1 ) 

JK.3 JM. 3 JM. 3 

xlhigh dqi + 2k^(q i+1 ,q l+2 ) 
Jm 3 

X / d<j t+2 e -=l3<+i-«+2| (l| |> 2 | | + l| g . +1 |> 2 | gi+a |) w e+k(l+2) (q, +1 ) 
Jm. 3 

c 

< 



In the last step we have used the following estimate 

( 1 l? 1 + 2 |>2| 9l+1 | + 1 | 9l+1 |>2| gi+2 |)e^ k *+ 1 - 9!+21 w e+k{l+2) (q l+1 ) < C. 

Indeed in either of the regions \qi+i\ > 2\qi +2 \ or \qi+ 2 \ > 2|gj+i| wc can use 
estimates such as those in (|3.21|) or (|3.22[) to directly establish this bound. 
Now by collecting the estimates in this paragraph, we have shown 

Wl (p)\N i+ iU)\< 1 JL^ (l + t)- k |||/||| M . 

Since k > is arbitrary, we conclude our estimate and our proposition after choos- 
ing M sufficiently large in this last upper bound. □ 



This concludes our proof of rapid linear decay. 

7. Nonlinear L°° rapid Decay 

In Section [5j we have proven the existence of mild solutions (|5.1[) to the non- 
linear relativistic Boltzmann equation (|2.1[) with the soft potentials. For I > 3/6 
and k £ (1/2, 1] we have shown in Thereom 15.11 that these solutions, / = f(t, x,p), 
satisfy 

||/||oo,/(t) < Cj, fc (l+t)-*||/o|| oo,£+k- 

Then in Section [6] we prove high order "almost exponential" decay for the linear 
semi-group as in (|6.1j) . From these estimates and the solution formula, (|5.1j) . wc 
can prove the following non-linear almost exponential decay. 

Theorem 7.1. Given any £ > 3/6 and k > 0, there is a k' = k'(k) > such that 
the solutions which were proven to exist in Thereom \5.1\ further satisfy 

||/||oo^(*)<C/ ) fc(l + t)" fc |l/o||oo 1 /+*'. 
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Proof of Theorem \7.1\ We use an induction which allows one to continually improve 
the decay. The main point is to bound the non-linear term, since we already know 
this kind of rapid decay for the linear part of ()5.1[) from (|6.1I) which follows from 
the crucial Proposition ^. II In the first step we note that by Thereom l5.1[ Theorem 
17.11 is true for k £ (1/2, 1]. Then given any j > 0, from (|6.1|) we have 

m(jp)\N\f,f](t,x,p)\< I dsw i (p)\{U(t-s)T[f(s),f(s)}}(x,p)\ 
Jo 



ds (i + 1 - ||r[/( a ), / WHU^v . 

Above j' > j is the number corresponding to j in (|6.ip . From Lemma 15.21 we have 

< r ^ (i+i-^n/wiioc^-iii/^iioc^-i- 

Jo 

Next we use the non- linear decay from Theorem 15. II to see 



Jo 



<(l + t)- p \\fo\\l,e +f+i -x- 
The last estimate follows from Proposition ^. 51 with p = min{j + 2i — 1, min{j, 2i}}. 
In the above estimates we can choose j £ (1,2] and then i £ (1/2,1] such that 
j = 2i > 1. Then we have shown Theorem 17. II for £ (1, 2] by choosing p = j = k 
and fc' = max{/,j' + i — 1} = j'. 

Next suppose the theorem is correct for some k > 2, we will show that we may 
go beyond this k. Indeed similar to the initial case we have 

m(p) \N[f,f](t,x,p)\ < C{1 + ty ||/o||L )W+i '-i , 

with p = mm{j + 2i — l,min{j, 2i}} = min{j, 2i}. Above j' corresponds to the 
power of the weight coming from decay level j in (|6.1[) and i' corresponds to the 
power of the weight generated by decay level i £ (0, k] in this Theorem 1 7. II 

Choose i £ (fc/2, k] and j = 2i £ (k, 2k}. This is always possible. Then we have 
p = j so that we have proven Theorem 1 7 . 1 1 for any k £ (k, 2k] and the corresponding 
k' = max{j', j' + %' — 1}. We conclude by induction. □ 



Appendix: Derivation of the Compact Operator 

In this section, we give a complete exposition of the derivation of the Hilbert- 
Schmidt form (|3.10l) for the compact operator from (|2.4[) . The linearized collision 
operator takes the form (|2.2p . In that formulation we have the multiplication 
operator as in (|2.3[) . The remaining "compact" part of the linearized operator is 
given by (|2.4[) with K = K2 — K\ and in particular 

^ 1 / * / d 4[ ^w( P MP\ q ')vW){vww)} 

Po Jr3 qo Jr3 q Jr3 p a ^ > 

+1 r d_qr dj >r ^ ^ j 

Po J ffi 3 g V g JR 3 -Po L J 

We are using the original notation from the top of this paper, which includes the 
delta functions. We will outline in detail a procedure which is sketched in p. 277] 
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(see also pT|), that allows a nice reduction of the term K2 as in (|3.10j) . In particular 
we give the exact form of the Lorentz transformation. This reduction for the K\ 
term can be reduced to the form (|3.9|) using much simpler methods than the ones 
we use below, see e.g. [9l l49l[50] , 

We recall the definition of the transition rate, W, from the top of this paper. 
We plug the definition of W into K2 above to obtain 

^ 2 (/)= f -/ \ d 4sa MS ^^ +q ^- P -- q n 

Po JR3 qo J R 3 q J R s p 

x ^W){^jW)J(p') + ^j¥)i '(?')}• 

We will first reduce this to a Hilbert-Schmidt form and second carry out the delta 
function integrations in the kernel. 

In preparation, we write down some invariant quantities. By (|1.6[) and (|1.4[) 

(p" - q^ip, - <&.) = Wp» + W% - « + qn(p» + %) 

= 2p»' Pfl + 2q' i 'q fl + s. 
Further notice that (JTTBJ) implies 

(p»-pn(p,-p'») = w-<in(<i» -<i»)- 

Expanding this we have 

-2 - 2p% = -2 - 2g'V 

We thus have another invariant p^p'^ = q^q'^- Define g = <7(p' i ,?? /</ ) as in (|1.5[) . We 
will always use g without the bar to exclusively denote g = 

From (|1.4[) and (|1.5[) we know s = g 2 + 4. We may re-express 9 from (|1.7j) as 

CO S 9 = (p»-qn(p'^-q',)/g 2 = l-2 

This follows from the invariant calculations in the previous paragraph and 

(P" - <fW» - <£) = ,9 2 + 4 + 4p% = g 2 - 2f. 
We further claim that 

(7.1) g 2 = g 2 - \{j^+^'){q ll + q l ll -p ll -p , ll ). 

Let s = s(p M ,p ,i/ ) = .g 2 + 4. Then (f7Tj) is equivalent to 

= If -2- \(j?+jf){qv + ^) 
= \g 2 +g 2 + 2p% - i(p" + + 
We thus prove (|7.1[) by showing that 

\f + 2 P y, -\y+ P m% + = 0. 

Expanding this expression we obtain 

-p% - 1 + 2p»q, - \p»q, - lp% - ip<% - lf>^. 




58 



ROBERT M. STRAIN 



Notice further that p^q^ = p^'q' and f^p' = q^q^ as a result of (|1.6j) and (|1.4jl . 
We thus obtain 

p% - 1 - ^pV m - ^ - - ij>"V 

which by ()1.6[) is 

P% - 1 - \W + tfWn + = P% -1 + ^ = 0. 

This establishes the claim (|7.ip . 

Now we establish the Hilbert-Schmidt form. First consider 

J_ I dq I dj_ I & aa Q Jie)S V^ + ^_^_ g * ) ^ y /jffi f (j/ ) . 

PO JR3 q0 JR3 q Q J R 3 p 

Exchanging q with p' the integral above is equal to 

Po J qo [J q Q J Po 
where 9 is now defined by 

(7.2) cos(9 = l-2 

and from (|7.1j) . with the new argument in the delta function above, we have 

(7-3) f = g 2 + ±(p" + g")(p„ +%-p'»- 

and further s is defined by s — g 2 + 4. We do a similar calculation for the second 
term in K 2 f ', e.g. exchange q with q' and then swap the q' and p' notation. The 
result is that we can dchnc 

(7.4) £^,9) = — \K\ ^^^ ( V+/'-^-0^\/^)- 

Po9o J % J Pq 

We now write the Hilbert-Schmidt form i^2(/) = J k2(p,q)f(q)dq. We will carry 
out the delta function integrations in hi (p, q) using a special Lorcntz matrix. 

We first translate (j7.4[) into an expression involving the total and relative mo- 
mentum variables, p^' + q^' and p^' — q^' respectively. Define u by u(r) = if r < 
and u(r) = 1 if r > 0. Let <? = g(p M ', q M ') and s = s(p M ', q M ') . We claim that 

(7.5) / d 4- f & G (p>>,q»,p>«,q>») = ±- [ dQ(p" , cT)G{^, <f,p^, q»'), 
Jr 3 Qo Jk 3 Po 10 ii 4 xi 4 

where we are now integrating over the eight vector (p M ',q M ') and 

dQ(jf, qn = dp»'dq»>u(p' + q' )u(s - 4)6(8 -g 2 - 4)5W + q»')(p^ - gp). 
To establish the claim, first notice that 

-(p"' + qn(p'» & = -P"% + «"V„ 

= {p' f-\p'\ 2 -{q' f + \q'\ 2 = A p -A q , 
where now p and q' are integration variables and we have defined 
A p = (p'o) 2 - (\ P f + 1), A q = (q' ) 2 - (\q'\ 2 + 1). 
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Integrating first over dp^' , we see that alternatively 

-« + q n(p, %) = bo) 2 - (b'l 2 + i+A q ) 
= [p, yVi 2 +i+^} 

Furthermore, by (|1.4p and (|1.5p we have 



Po + \/bT + i + A 



i - 5 2 - 4 = -(y 1 ' + rx^ + <£) - « - «T)(pJ. - <£) - 4 



2A p + 2^. 



Then similarly 

s-. 9 2 -4 = 2(< ?0 ) 2 -2[| (? '| 2 + l-A iD ] 



= 2^-^ + 1-^,11^ + ^ + 1-^ 

Further note that p + <?o — an< 4 s — 4 > together imply p > and q > 0. 
With these expressions and standard calculations we establish (|T. 5|) . 
We thus conclude that 

1 1 



k2( P ,q) = — £ / de^', 9^)^(5, 0)<J (4 V - 9" - qnVAq'W)- 

Now apply the change of variables 

This transformation has Jacobian = 16 and inverse tranformation as 

1 2 2 2 2 

With this change of variable, for some d > 0, the integral becomes 



Poqo JR^xRI 



with yf J(jp) = e p °/ 2 (ignoring constants). Above the measure is now 

Also g > from (|7.3j) is now given by 

3 2 = 9 2 + -(p" +q> l )(p» + q»-p fl ). 

And 6* and s can be defined through the new g with (|7.2I) . 

We next carry out the delta function argument for S^'(p p — q p + q^) to obtain 

k 2 {p,q) = — [ d6(^)sa(5,0)e-P°/ 2 , 3c' > 0. 
Po<2o Jk 4 

where the measure is 

d0(p") = dp» u(p ) u(-j>% - 4) <J(-j5"p M - 5 2 - 4)*(p"(g„ - 
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Since s = g 2 + 4 we have 



u(Po)S{-p f "p P , - g 2 - 4) = w(p )'5(-p Al p AI - s) 

= u{p )5((p of - \p \ 2 - s) 
S{Po - V\P\ 2 + s) 

We then carry out one integration using the delta function to get 



h(p, q) 



poqo 



%{-p^ - 4)<y(p"(g M - Pfl ))sa{g,6)e-^, 

3 P0 



with pq = \f\p\ 2 + s. Using s = g 2 + 4 we have 

-jppn - 4 = s - 4 = g 2 > 0. 
So always u(~p^p^ — 4) = 1 and the integral reduces to 



&2(P,?) = 



(//) 



"Po/2 



where t/ = (-1, 0, 0, 0)' and e 

We finish off our reduction by moving to a new Lorentz frame. We consider the 
Lorentz Transformation A which maps 

-A^ + g^) = (VS, 0,0,0), -A""^ - g„) = (0,0,0, 3 ). 

Our notation here for raising and lowering indicies is standard in the sense that 
Pf, = T,l=oP v 9 vtl where (9 Vfl ) = diag(-l 1 1 1). We recall that p^ = (-p ,p)- 
Then we use the Einstein summation convention as A^p^ = X)^=o ^"Pn- F rom 
this information, we have derived in |50| and exposited in that 



A = (A"") = 
With second row given by 



Po+qo 

A 01 


Po — go 

a 



pi+gi 
'*£ 

(pxg)i 
|pxg| 
Pi-gi 
a 



P2+92 
(PX?)2 

\pxq\ 



P3+93 \ 

A 5i 

(P><g)3 

|pxg| 

P3-g3 

3 



A 



01 



2|pXg| 



and 



9\/s 

»il = 2 fa {po + qoP^q^} + % {?o +PoP M ^}) 



(i = 1,2,3). 



g\Ab x si 

We have a complete description of this Lorentz transformation in terms of p, q. 
Define = A'^U U , notice that 



Po 



9o 2|p x g| Po - go 

" 1 



Then 



^sa(g,6)e-^ 2 5(p»( qii - Pl t)) = I % A a(-g Ai e A )e~^ u »6(p»A»( qiJ -p„)). 



Po 



Po 
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where <?a , sa > are now given by 

9a = 9 2 + \^ v ^{Pu + g v ){A^(p 7 + g 7 ) - = g 2 + -yfl{pa - >/5>, 



(7.6) «A = 4 + gl 



2 



cos6» A = 1 - 2 ( #- 
VSa , 

The equality of the two integrals holds because dp/po is a Lorentz invariant. 
We work with the integral on the right hand side above. Now 

P^^niQv -Pu) =P3g- 

We switch to polar coordinates in the form 

dp — \p\ 2 d\p\ sin ip dip dip, p = \p\(smip cos<p, sin^sin^jCOS^). 
Then we can write ki (p, q) as 

dip (\inipdiP r \P^M- SA <j(g A ,d A ) e^ u ^ 2 S(\p\g cos./;). 



Poqo Jo Jo Jo Po 

We evaluate the last delta function at ip — ir/2 to write k2(p,q) as 

(7.7) / dip I — — s A a(g A ,6 A )e F ' 2 v^ e ^ IFI v . 

gpoqo Jo Jo Po 

This is already a useful reduced form for ki{p, q)- 

We recall, for Io 0^f^j~\P\) > the modified Besscl function of index zero given in 

(|3.11l) . We further re-label the integration as \p\ = y. Notice that (|7.6[) implies 



1 — cos 6 A . A 

9 = 9A\I 

with 



9 = 9 A \l g = 5A Sm ' 2 



6a 9 9 
sm ■ 



We may rewrite (|T. T[) as 

7 / \ d f°° ydy _ g \ _M+m^77 f\pxq 

k2{P,q) = / -j= s A cr —g-,e A e ! ^ V9 I [ j=- 

9Poqo Jo y / y 2 + s \sm^ J \ g^s 

From (|7.6p we have 



s A = 4 + .g 2 + Vv 2 + s - V^} = 2 s + 2 S VT/s + l- 

We apply the change of variables y — > y/y/s to obtain that k2(p,q) is given by 

gpoqo Jo Jy 2 + 1 \ sin | / \ 9 J 



where sin ^ is given by (|3.12p . This is the expression from (|3.10p once we in- 
corporate the cut-off function (|3.ip which is insignificant for the purposes of this 
calculation. 
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Significant simplifications can be performed in the case of the "hard ball" cross 
section where a = constant. The relevant integral is then a Laplace transform and 
a known integral, which can be calculated exactly via a taylor expansion [39] p. 134]. 
For instance, it is well known that for any R > r > 



>° e - R V T +^yI (ry) d _ e -VW^ 

R L 



See for instance gB], g5J p.383], or Hfl p.322]. 

Using these formulas we can express the integral as 

c's 3/2 - / - A 

k%(p,q) = U 1 (p,q)exp(-U 2 {p,q)) 



where U 2 (p, q) = \/{(>o + <7o)/2} 2 - (\p x 9I/5) 2 and 



Further, 



f/ 2 (p,g) = #b-g| = b- 



2g r - - 4. 9 2 

Therefore, U2(p,q) > ||p — ?| + 1- This completes our discussion of the Hilbcrt- 
Schmidt form for the linearized collision operator. 
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